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SYNOPSIS 
This thesis examines the splashing of water drops. 
on a water surface and the entrainment of air by a 
jet plunging into a liquid pool. Both these 
phenomena have been examined photographically and 
as a result mechanisms have been proposed for them 
both. Models based on these suggested mechanisms 
have been tested against experimental data. 
, Measurements have been taken of air entrainment rates 
and a correlation suggested relating this to the 
properties of the jet. The model of the air 
entrainment rate as a function of jet roughness has 
been confirmed and another proposed for the rate of 
air entrainment as a function of bubble penetration 
depth into the pool. 
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1. INTRODUCTION 
The subject of the impact of liquids on a liquid 
surface arises from the possibility of a liquid jet 
entraining air into a pool being the basis for a 
gas/liquid reactor. The system was in fact patented 
in 1938 by A. T. Mertes(1ý as a method of gas/liquid 
contacting. A further interest in the subject has 
been from the steel industry who are concerned with 
oxidisation within a pool of steel by the air 
1ý 
entrained into it by a poured jet of steel(2'3' ,5. 
A jet entraining air into a liquid is commonly 
observed in everyday life as in a tap filling a 
basin or a waterfall falling into a pool. 
Suprisingly enough for such a common phenomena 
understanding of it is quite small although 
experimental measurements have been made on actual 
entrainment rates. The intepretation of experimental 
data is very difficult until understanding of , 
the 
phenomena itself is established. 
The recent work by M. J. McCarthy 
(6) 
is the main 
contribution to the present understanding of air 
entrainment in establishing a correlation between 
jet roughness and the rate of air entrainment for 
high speed jets. 
1 
An-examination of the causes of entrainment is 
therefore a high priority in this present study. 
Initially the splash of a single drop on a liquid 
surface was examined as a first step to a plunging 
jet. The build up of a splash after the drop impact 
was studied and a mechanism suggested particularly 
for the impact stage which had not previously been 
observed. Unfortunately the splash of a drop was 
found not to be directly helpful in giving 
understanding of the mechanism of air entrainment. 
However insig»t was gained into how a rough jet 
entrains air into a pool. 
Following the work in analysing a splashing 
drop we moved on to examining the mechanism of 
air entrainment by a jet. It was decided to limit 
the present study to single coherent jets, sprays 
not being considered. 
The simplest approach was to consider a jet with 
a completely smooth cylindrical surface. For this 
case a model was derived to predict the minimum 
velocity required to induce entrainment which was 
fitted to the'results of T. J. Lin(7). A 
mechanism of entrainment was postulated so as to 
derive the-model which was then extended to predict 
air entrainment rates for liquid viscosities up to 
6.5 cp. 
2 
A mechanism for air entrainment by rough jets is 
also proposed in this study and an equation derived 
to correlate the roughness of a jet with the 
minimum velocity at which entrainment commences and 
-the minimum velocity at which McCarthys' 
proposition, that all the air within the volume 
swept out by a jet is entrained, becomes valid. 
A major conclusion of this study is that it shows 
that air entrainment by a jet falling into pool is 
a consequence of the entrainment of the pool liquid 
by the jet and the air being displaced by the jet. 
It was found that observations of previous authors 
could be explained in terms of these two flows. 
The entrainment of air was also studied experiment- 
ally. From measurements of air entrainment rates by 
a water jet a correlation was derived for long 
cylindrical nozzles and the effects of the pump on 
air entrainment rates examined. Rates of entrainment 
were measured for glycerol/water mixtures but no 
correlation was established. The hold-up of the 
entrained air within the pool was also measured. 
The amount of stirring that the air entraining jet 
impapts to the tank of liquid was investigated. A 
model was derived correlating the rate of air 
entrainment with the depth to which the air is 
carried in the tank. 
2. THE IMPACT OF A SINGLE WATER DROP ON A WATER SURFACE 
".,. and the surface of the canal was thrown up into 
an infinity of little crystal fountains.,, R. L. 
Stevenson, 
2.1 Introduction 
The splash produced by a water drop has a very short 
duration; that it can just be seen with the naked eye 
was remarked upon by Robert Louis Stevenson(8) in 
1878. However it was not until the 1890's that A. M. 
Worthington 
(g' 10) 
published some articles describing 
in detail the characteristics of the splash produced 
by drops striking liquid surfaces. The observations 
were made of the phenomena sketched from visual 
inspections using an ingerious device that produced 
timed electric sparks to illuminate the various 
stages of the splash in sequence. Towards the end of 
his work he began to use a camera, as a sufficiently 
light sensitive plate had by then become available, 
making his work considerably more precise. 
At approximately the same time Lenard(ll' had been 
studying the fact that atmospheric electricity was 
produced at the base of a waterfall and he concluded 
4 
that the static electricity was a result of the 
water splashing. This article has been followed 
recently by a number of others 
(12,13,14) verifying 
Lenard's observations and postulating that the 
splashing of water drops, as in the rain falling on 
the sea, is a major factor in the production of 
atmospheric electricity. 
Worthington broke down the splash of a drop of water 
striking a water surface into the following sequence 
of events (see fig. 1). - 
aý The impact of a water drop produces a crater in 
the target liquid, and throws up a "crown" of 
liquid around the periphery of this crater. 
b) The "crown" and crater collapse, whilst a jet 
rises from the centre of the crater. 
ýY 
.. 
c) The jet sinks back into the surface, producing a 
smaller crater and a subsequent small jet. The 
splash effectively ends at this point if the 
waves running out concentrically from the original 
point of impact are disregarded. 
The basic description öf the splash by Worthington is, 
as far as it goes, remarkably accurate. 
5 
Figure 1: A typical splash 
0 
', "'ý°. 
2.2 Formation of the crater 
2.2.1 Drop impact 
There are two flows involved in a splash 
a) The flow produced in the water drop as a result 
of the impact. 
b) The flow in the target liquid due to the impact. 
As both the drop and the target liquid are water, in 
the case we are considering these two flows rapidly 
become indistinguishable soon after the moment of 
impact. 
2.2.1.1 Flow in the target liquid 
,a The flow in the target liquid at the moment of 
impact will be considered in section 2.2.1.4.0. G. 
Engel(15)carried out some low speed cine photographs 
with the target liquid containing a suspension of 
white particles that enabled the streamlines to be 
observed. These photographs appeared to show not 
very significant movement in the bulk of the liquid 
at impact. As the cavity grows the streamlines are 
0 
Similar to those obtained for the case of flow 
around the front half of a sphere (fig. 2); 
obviously the analogy is not complete as this is a 
growing cavity. 
Fig. 2- Streamlines due to the growing 
cavity 
7 
2.2.1.2 Flow of the drop 
Using a high speed eine camera Engel also photo- 
graphed the impact of a drop of dye on water. She 
postulated that the drop formed a flat bottomed 
cavity, in the target liquid, the drop being almost 
a disc at this point (fig. 3). 
Fig. 3- Drop shape after impact, 
(postulated by Engel 
do 0 
0 
41P to 
Original drop liquid 
8 
The flow in the drop is then similar to the flow 
established by a drop striking a flat plate(16) 
This description is largely speculative as, in her 
experiments, the meniscus at the wall of the tank 
obscures the drop, at the moment of impact. 
When we repeated these photographs the same problem 
was encountered. So as to make it possible to see 
the impact of the drop the meniscus was removed and 
high speed cine photographs were taken of splashes. 
2.2.1.3 Removal of the meniscus 
I 
So. as not to change the surface properties of the 
target liquid the following method was devised to 
remove the meniscus effect. 
A glass tank was made with its opposite sides 
ground flat and to the same level. The tank was 
filled with water to the brim so that a plane; 
meniscus free, interface is achieved. 
The effectiveness of this simple method is 
illustrated in fig. 4. 
9 
Figure 4: The effect of removing meniscus 
2.2.1.4 Initial flow of the drop and target liquid 
So as to distinguish the drop from the bulk of 
the liquid, the drop was coloured with potassium 
permanganate which does not have the highly 
surface active properties of organic based dyes. 
The high speed cine photographs were taken using 
diffused lighting from behind the tank. The 
camera was capable of speeds up to 8,000 frames 
per second. 
On initial impact of the drop with the water 
surface the front of the drop flows outwards 
forming a flat circular front to the drop (fig. 
5a). The shape and velocity of the rear of the 
drop did not measurably change on initial impact. 
Due to the impact a film of displaced target 
liquid is squirted up around the periphery of 
the submerged part of the drop. Presumably due 
to the curved front of the drop the film is 
initially thrown out almost horizontally in much 
the same fashion as the splash resulting from 
the impact of a solid sphere 
(10). The direction 
of motion of this film of liquid moves towards 
the vertical as the diameter of the submerged 
part of the drop approaches the diameter of the 
drop. 
10 
Figure 5 Initial impact of 
drop sketched from colour 
high speed film. 
As the drop penetrates further into the target 
liquid the radial velocity of the drop decreases 
and-its front begins to become curved (fig. 5b); 
this is to be expected as most of the momentum 
lies along the centre line of the drop. The film. 
of target liquid that is rising around the drop 
soon obscures the rear of the drop which is not 
submerged and it becomes difficult to measure the 
velocity and shape of the drop's rear. 
When it has completely submerged (fig. 5d) the. 
front of the drop has adopted a flattened 
hemispherical shape whilst the rear is completely 
flat. This gives rise to the initial flat based 
cavity which grows behind the drop. Figure 5 
(ii) is a series of black and white photographs 
showing this initial impact phase. 
2.2.2 Growth of the cavity 
As has just been stated, initially the cavity has 
a flat base and is growing behind the now 
flattened hemispherically-shaped drop liquid. 
However as the drop can deform freely this state 
of affairs obviously changes rapidly. 
1 
Figure 5 (ii) : Initial drop impact 
*1 
Fig. 6- Flow of drop and target liquid 
/I Criginzl drop liquid 
The drop bn impact, and as it passes through 
the surface, imparts a horizontal radial velocity 
to the bulk liquid. Therefore as the drop 
penetrates further into the liquid (fig. 6) the 
cavity initially has a fast growth rate in a 
horizontal direction. 
However as the cavity becomes deeper its base 
rapidly becomes more and more curved. There are 
presumably two reasons for this: - 
12 
a) The bulk of the momentum is along the 
centre line of the cavity. 
b) The growing cavity will be attempting to 
reach the lowest possible surface energy 
state which will correspond to a hemispherical 
shape. 
The coloured photographs that we have taken, show 
that the bulk of the drop forms the cavity base 
throughout the growth of the cavity. There are 
however slight streaks of colour all over the 
cavity wall, which are probably due to the drop 
shedding a boundary layer as it travels deeper 
below the surface. 
The cavity only achieves a hemispherical shape 
when it stops moving the drop having by now 
exhausted all its energy. 
To summarise, the cavity early in the course of 
the splash is an oblate type hemisphere, due to 
the initial high radial velocity. Then as the 
radial component of velocity decays and the 
vertical velocity component becomes more 
significant the shape of the cavity moves to a 
i 
0 
1". 
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slightly prolate type hemisphere. Finally 
the drop comes to rest and the surface energy 
of the cavity causes the cavity to become truly 
hemispherical; fig. 7 illustrates this point 
graphically the ratio of cavity depth to 
cavity radius (r) is plotted against time, for 
a splash. 
d 
if 
d <1 the cavity is an oblate hemisphere 
d 
r =1 
the cavity is a hemisphere 
r >1 the cavity is a prolate hemisphere 
2.2.3 Growth of the "crown" 
The ""crown" of liquid that is thrown up around 
the periphery of the cavity continues to grow 
whilst the cavity is growing. Engel(15)noted 
from photographs that the "crown" appeared to be 
composed of two principal parts. 
aý A cylindrical wave of target liquid which 
has been displaced by the growing cavity. 
14 
b) A cylindrical film of water that grows from the 
top of the cylindrical wave (see fig.. 8). 
Fig. 8-A simplified splash 
15 
2.2.3.1 The cylindrical wave 
From slow speed cine photographs of the motion of 
particles suspended in the target liquids Engel 
showed that the wave was a result of liquid being 
displaced by the growing cavity. 
2.2,3.2 Growth of the cylindrical film 
Engel(1J considers that the growth of this film is 
a result of the high radius of curvature at the top 
of the cylindrical wave causing a pressure imbalance 
across the top of the wave, however this 
explanation does not appear to be satisfactory. 
She reasons that a high pressure drop occurs across 
the top of the cylindrical wave pictured in fig. 9. 
v 
16 
Fig. 9- Top of cylindrical wave 
r 
Presumably the argument is derived from the Laplace 
equation (P= 
2r ), which in turn is derived 
from a simple force balance across the interface 
and which does, in fact, predict a higher pressure 
. 
( 
inside the liquid if it has a convex shape17) 
However this reasoning is at fault as the equation 
predicts that for. a convex shaped interface the 
pressure in the liquid must be greater than that in 
the air so as to maintain that curvature: therefore 
17 
a high'radius of curvature does not cause a 
pressure imbalance resulting in flow, but is an 
effect of that imbalance. 
The theory of curved surfaces is really for static 
phenomena and it is of course possible that the 
dynamic behaviour differs. However photographic 
evidence and some theoretical considerations 
encourage a different interpretation of the causes. 
Fig. 5A illustrated the growth of a thin film of 
liquid extruded out of the target liquid (see 
section 2.2.1.4). The growth velocity of the film 
being of the order of the impact velocity of the 
drop, precise measurement of the velocity was 
difficult photographically. The film at first grows 
almost in a horizontal direction, however motion 
becomes vertical as the radius of the submerged drop 
approaches. the drop diameter. It is therefore quite 
reasonable to propose from photographic evidence 
. that the cylindrical 
film of liquid is a result of 
the flow induced in the target liquid at impact. 
Engel proposed that they were separate entities due 
to the visual break (see fig. i) in the splash above 
the surface. However the same visual break occurs 
below the surface in the hemispherical cavity where 
Ia 
it would not be reasonable to suppose that this is 
due to anything more than normal refraction of 
light. Therefore the break between light and 
darkness in the splash gives no information on the 
thickness of the cylindrical wave and film. 
In section 2.5 this view of the growth of the film 
of liquid is supported from an analytical point of 
view. The cylindrical wave appears to begin to 
grow just before the entire drop has passed through 
the surface (i. e. after the formation of the film) 
(fig. 5c and d); this implies that the target liquid 
is beginning to flow. 
The suggestion is that both the cylindrical film and 
the wave are a result of the motion induced in the 
target liquid at impact and during the cavity 
growth. 
As the cylindrical film grows the top of it is 
unstable and it breaks up into capillary jets which 
in turn break up into drops in the manner associated 
(18) 
with capillary jets These jets and resultant 
drops are at first thrown out in a very regular 
manner, as can be seen in fig. 10 which is taken 
from below the splash using a mirror. However as 
the rate of growth of the film drops, the jets are 
thrown out more irregularly. 
19 
Figure 10: Splash from below 
rorthington( 
9) 
observed that if a drop hits the 
surface above a critical velocity the cylindrical 
film closes over to form a floating bubble on the 
surface. The reason for this closure is that the 
cylindrical film that is thrown up is notAthe 
lowest possible energy state and as the kinetic 
energy in the film falls the potential energy force 
becomesmore significant in attempting to reduce the 
surface of the film to a minimum. 
Bubble closure was observed only three times in this 
present study. It was noted in these cases that the 
height of the cylindrical film plus the cylindrical 
wave was greater than the depth of the cavity at its 
maximum. It becomes difficult to measure the length 
of the cylindrical film due to the considerable 
curvature it acquires as it collapses towards the 
bubble. 
This observation on bubble formation might be 
'explained by the fact that a cylinder with its 
height equal to its radius has the same surface area 
as a hemisphere of the same radius, so that without 
any change in the wall thickness collapse into a 
bubble can occur. 
20 
Area of cylinder=2nRh (1) 
2 
Area of hemisphers= 2rR (2) 
where R= radius of common base 
h= height of cylindrical wave plus 
film. 
Now surface energy is equivalent to surface area 
multiplied by surface tension; closure of the film 
due to a possible lower energy state of the bubble 
will therefore occur when: - 
27rRh7 >2 7rR27 (3) 
where7= surface tension of liquid 
or hiR 
ý4ý 
It is therefore plausible that the combined height 
of the cylindrical wave and film must be greater 
then the cavity radius in order that bubble closure 
can occur. 
2.2,4 Collapse of the cavity and "crown'! 
when the kinetic energy of the drop has been 
dissipated the cavity begins to collapse. The 
hydrostatic head at the base of the static cavity 
will induce the collapse of the cavity to be 
ýi 
fastest at its base. This is observed in that the 
cavity base rapidly becomes flattened, the 
horizontal diameter oCthe cavity decreasing 
relatively slowly in comparison with the depth. A 
jet is thrown up from the base of the cavity during 
the cavity collapse presumably due to a higher 
kinetic energy in the liquid below the base of the 
cavity than elsewhere around it. 
Worthington(9)9 from observing milk drops falling 
into water, noted that a good deal of the original 
drop liquid formed the top of the rebounding jet. 
This fact has been recently(15) attributed to the 
recoalescence of the original drop at the bottom 
of the cavity after it has spread ever the whole 
cavity. This explanation does not appear to have 
any justification as the drop and target liquids 
have a similar density and surface tension. The 
proposal in section 2.2.2 that the drop forms the 
base of the crater makes it more simple to explain 
the appearance of the original drop liquid at the 
top of the rebounding jet i. e. no recoalescence is 
required as the bulk of the original drop liquid 
is at the point from which the rebounding jet rises. 
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To return to what is occuring above the surface 
during the cavity collapse, when the cylindrical 
film-of liquid has reached a maximum height it 
tends to neck at its top and simultaneously drain 
in a rippling filmwise fashion. When the complete 
""crown" begins to collapse the visual distinction 
between the cylindrical film and wave rapidly 
disappears. The point of the maximum heights for 
the cavity, cylindrical film and wave are relatively 
close to each other in time in comparison to the 
duration of the splash. 
2.2.5 The rebounding jet 
The jet is roughly cylindrical in shape with a 
hemispherical tip. The actual shape varies slightly 
with each splash. The jet is unstable and it 
pinches off into a number of small drops as the jet 
sinks back into the pool. The instability is 
similar to that described by Lord Rayleigh 
(18) 
in 
his capillary theory of jets. 
When the jet has collapsed it forms a small cavity 
which in turn throws up a small jet. The splash, as 
such, effectively ends at this point with waves 
running concentrically away from the point of impact. 
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2.2.6 Low Drop Impact Speeds 
At low drop impact speeds, after impact a vortex 
of drop liquid shoots down through the target 
liquid. This can be- easily demonstrated with 
the use of coloured drops. Although the phenomenon 
does not appear to be very reproducible, it has 
been shown(19) that the depth that the vortex ring 
penetrates into the liquid is a function of the 
original shape of the drop before impact. 
The vortex rings which penetrate furthest into the 
target liquid are du. e to changing shape to a 
prolate spheroid (small drops oscillate freely 
from being prolate to oblate speriods as 
they fall whilst air resistance effects remain 
small). 
Two models have been proposed to describe the 
production of these vortices. 
a) Thompson and Newall(20) suggested that the 
drop retained its shape whilst it penetrated 
the surface of the target liquid. The 
tangential velocity gradient plus the 
flattening of the drop then forms a stable 
vortex ring. 
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b) Chapman and Critchlow( 
19) 
proposed that at 
. 
small impact speeds the drop instantaneously 
comes to rest on the surface and that the 
shape of the drop on the surface (i. e. the 
curvature) induces the vortex formation. 
The vortex is a result of surface energy 
change and not kinetic energy changes. 
There is little experimental evidence available 
which will confirm either of these models. A 
difficulty in accepting them is that they fail 
to explain why a low speed impact is different 
to one occuring at higher speeds. 
With the use of coloured drops (dyed with 
potassium permengenate) it was found that vortex 
rings were produced for dropping heights up to 
approximately twenty centimetres. For this 
dropping height the kinetic energy of the drop 
will be considerably higher than its surface 
energy which will be trivial in comparison, 
hence doubt is cast on the model(b). 
.) 
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Further evidence against these two models is 
found in iiorthingtons(9) excellent visual 
observations with a timed electric spark. Using 
a drop of milk falling eight centimetres he was 
able to approximately follow the splash. His 
observations of the splash are similar to the 
picture already drawn here of a high speed 
splash of a drop. The production of the vortex 
was from the drop liquid at the, top of the 
rebounding jet. The jet collapses back into the 
liquid surface and the jet forms a"vortex below 
the surface in a similar manner to the production 
of smoke rings. As the jet contains a large 
amount of drop liquid the vortex also contains 
a good deal of drop liquid. 
Obviously. for very low drop impact speeds the 
cavity produced will be very small and possibly 
difficult to observe. The rebounding jet will 
be small and will contain mainly drop liquid, 
hence good vortex rings will result. A possible-. 
reason for the deeper penetration of vortex rings 
produced by drops changing shape from spherical 
to prolate spheriods at very low impact speeds 
is that the motion in the. drop will tend to 
26 
result in a deeper but smaller diameter cavity 
producing a larger rebounding jet. Hence the 
vortex will have greater energy. 
2.2.7 
The question remains of why do higher speed drop 
impacts fail to produce vortexes? One contributory 
reason must be that, as has been explained (2.2.2) 
the drop is spread over the base of the cavity; 
the rebounding jet rising from the centre only 
carries up a little of the original drop liquid. 
Therefore any vortex produced will be less 
visible as it will be composed chiefly of bulk 
liquid. There is evidence of a high downward 
flow of liquid at the collapse of the jet (2.2.8). 
Coalescence of drops with surfaces 
For very small drops (below 0,014 cm diameter) 
it has been shown at almost normal impacts that 
they will bounce 
(21) 
possibly due to a thin 
film of air between the drop and the target 
liquid preventing coalescence. However if the 
drop is larger than 0.014 cm there is a critical 
velocity for coalescence which decreases as the 
27 
drop becomes bigger. This trend continues 
. 
until the drop begins to deform from a spherical 
shape resulting in a sharp drop in critical 
velocity for coalescence. In the range of 
drop sizes that are being considered here 
bouncing does not occur. 
2.2.8 Entrainment of air by drops on impact 
Blanchard and lioodcock(1 , whilst investigating 
how bubbles were produced on Water surfaces, 
found that bubbles were carried down into the 
liquid sometimes as a vortex ring. They state 
that these bubbles are produced at the moment 
of impact and sometimes at the collapse of the 
rebounding jet. 
As this entrainment is of interest in this study, 
all the high-speed films were examined to see if 
any bubbles were being entrained. No bubbles were 
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observed being entrained at the impact of the drop 
and it is difficult to imagine how they could be 
when the flow of the drop at impact is considered. 
However air bubbles were entrained into the bulk 
liquid when the rebounding jet collapsed back into 
the bulk liquid. The mechanism will be considered 
in section 3.2. It is sufficient to say here that 
bubbles are entrained when the shape of the jet is 
such that its diameter increases with. distance from 
the liquid surface. This is illustrated in a film 
sequence (fig. 11). 
2.3 Quantitative description of a splash 
From a theoretical point of view the situation is 
less clear cut. besides the splash being affected 
significantly by the original shape of the drop, due 
to it being a free surface phenomenon there are a 
number of theoretical difficulties. In an attempt to 
avoid these problems Philip(22) applied dimensional 
analysis to the splash phenomenon: the times taken 
to arrive at various stages of the splash were related 
to dimensionless groups. This approach, of course, 
dons not give any fundamental understanding of the 
splash. 
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Figure 11: IIztrainment of air by the rebounding 
jet 
F. H. Harlow and J. P. Shannon 
(23' 24 ) have 
numerically solved the Xavier-Stokes equation for 
the system. To make a solution possible they neglect 
surface tension and viscous dissipation of energy. 
The neglect of surface tension is dangerous as the 
changes in surface area are so large during the 
splash. Harlow and Shannon found that for high impact 
speeds the cavity grew so quickly that the early-stage 
cavity size could not be resolved numerically; the 
highest distance of drop fall that they consider is 
eight drop diameters. Despite these limitations, 
qualitatively the description of the splash is 
remarkable good and it supports the suggestion in 
section 2.2.6 that there is no real difference between 
high-speed and low-speed splashes. 
Probably the most interesting and useful analysis is 
(11 
that due to 0. G. Engel . This is basically an 
energy balance over the splash carried out by 
dividing the splash up into a cavity, a cylindrical 
wave and cylindrical film (Fig. 12) and calculating 
the energy of each. 
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Fig. 12 - Idealised Splash 
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2.3,1 Energy balance to give the maximum cavity depth 
To calculate the maximum cavity depth it is assumed 
that the kinetic energy of the drop has all been 
converted into potential energy when the cavity is 
at its maximum, that is all motion has ceased. This 
implies that the cavity and cylindrical wave reach 
their maximum at the same time, which is approximately 
true. The potential energy of the splash is equated 
to the kinetic energy of the drop and the resulting 
equation is solved to give the maximum cavity depth. 
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2,3.1.1 Potential energy due to gravity 
I 
The cylindrical film is assumed to have negligible 
mass and therefore negligible gravitation potential 
. 
energy. The cavity and cylindrical waves are both 
considered as standing waves so that the equation 
(25) 
for potential energy of a standing wave can be 
applied to each. 
The cavity is hemispherical at its maximum size and 
its gravitational potential energy therefore is: - 
Uý- rPgit " 4 
R= cavity radius 
P- density of target liquid 
g= acceleration due to gravity 
(4) 
It is assumed that the volume of the cavity is 
equal to the volume of the standing cylindrical 
wave: - 
00 
2ý h rdr = 2rR3 
R/(5) 3 
ý; 
Equation (5) has an infinite number of solutions. 
4 
Engel chose h= -3 3as the solution, as this 
appeared to fit photographic evidence. This was 
a compromise solution as she found the height of 
the wave to be 0.8R whereas the above solution gives 
a height of 0.33R . For the lower speed impacts 
considered in the present study the height of this 
wave was approximately U. 4R (fig. 13). The height 
would therefore appear to be impact velocity 
dependent. 
Using the above approximation for the shape of the 
cylindrical wave the gravitational potential energy 
U2 is found to be: - 
Uz : 36Ra 
(6) 
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2.3.1.2 Energy of the generated surface 
This is a simple geometrical problem. In addition 
to the assumptions regarding the shape of the 
cylindrical wave, in the previous section, an 
assumption regarding the height of the 
cylindrical film had to be made. 
Engel found from experiments that for drop impact 
energies greater than 50,000 ergs the height of 
the cylindrical bubble reaches a limit of twice 
the radius of the cavity. Within these assumpt- 
ions the energy of the generated surface is: - 
U 
_: 
9"8051-R27 
3 
Y= surface tension 
2.3.1.3 The energy balance 
(7) 
The loss oi' energy as sound has been shown 
experimentally by Franz(26) to be negligible for 
impact velocities up to 700 cm/s. Engel further 
assumed that the dissipated energy is small for 
low viscosity liquids and can be neglected for 
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water. When the potential energy, surface and 
gravitational, is summed it is found to be 
considerably lower than the original drop kinetic 
energy. Engel arbitrarily assumed that 50ö of 
the drop kinetic energy is equal to the potential 
energy of the splash, i. e. 
Ul + U2 + U3 I ý mD V2 (8 ) 
mD= drop mass 
= impact -velocity 
Figure 14 shows predicted cavity depth plotted 
against drop impact energy. The fit of the model 
is best at low impact energies and it deteriorates 
at higher impact energies. This is not as would 
be expected because, due to the assumption 
regarding the' cylindrical film, the model is 
applicable to impact energies greater than 50,000 
ergs. The reason for the decreasing goodness of 
fit becomes plain on looking at Figure 15, a plot 
of percentage of potential energy to original 
drop kinetic energy calculated from measured 
cavity depth assuming the model. 
however the more serious problem is where does 
the 50% of the energy disappear, it having been 
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assumed that viscous losses are negligible. The 
obvious source of error in the analysis is the 
assumed shape of the wave. In section 2.2.3.3 it 
was suggested that the division into a cylindrical 
wave and film is purely a result of visual 
observation and there is not a true distinction 
between the two. This changes the position regard- 
ing, the gravitational potential energy of the 
cylindrical crown as the liquid which is thrown to 
the. greatest height will have the greatest energy 
associated with it. 
2,3,1,4 Shape of the crown and the area associated with it 
The mass balance for the liquid above and below the 
original surface is given by equation (5). If the 
wave height is assumed to be described by the 
equation: - 
h= f(r) 
The height of the wave can be shown to be 
(9) 
described by the equation: - 
(rl_3) Rn 
h= 
3 
I 
n -1 r 
(io) 
The value of n can be calculated from experimental 
measurements of wave height for individual splashes. 
Using this form of the equation would appear to be 
a satisfactory approximation for both low and high 
speed splashes (see Fig. 16 and 17). However any 
non-predictive equation of this type suffers from 
a number of problems: - 
(i) No allowance is made for any wave thickness 
at the top of the wave. The treatment of 
the wave as one entity lessens the 
seriousness of this assumption. This will 
lead to an underestimation of the energy 
associated with the wave. 
(ii) The height of the wave must be known before 
the wave shape can be predicted. 
(iii) The surface forces tending to result in the 
formation of a closed hemisphere bubble 
have to be-neglected, i. e. it is assumed the 
waves inside surface is cylindrical in shape 
throughout the splash. 
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The inside surface of the wave has the following 
surface area: - 
S 2-R2 (R) (11) 
The outside surface of the wave has a surface area 
of: - 
S2: 2*°/'r[l +ý 2ýi dh-2ý jr r( lz ) 
nJ 
Substituting in this equation for (äh ) and dh 
using equation (10) gives rise to: - I 
r dr 
2 
(? -3) S= 2ý 
ý 
r(' 1+ n- 
2 
n- 
2ýý12 dr-2 ttf 
Rf 
rrJ 
Lot 
k (n- 2 (n-] 2 
9 
and 
RX 
and substituting into (IU) gives: - 
S , 2rR2' 
f (1+kx2")I -1 dx 20 x3 
(14) 
(l5) 
(16) 
This equation cannot be integrated analytically. 
Numerical solutions were therefore found for 
various values of n (using Simpsons Rule and, 
as a check, 4 and 6 point Gauss quadrature) and 
plotted as in Fig. 18. 
Value of integral or equation 16 
n I 
4 0,0764 
5. 0.305 
6 0.623 
7 0.97 
8 1.34 
9 1.72 
10 2.1 
11 2.46 
12 2.86 
S2: Z7rR2I (17) 
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2.3.2 The modified energy balance 
2.3.2.1 Energy due to surface area formed in splash 
The increase in area due to the cavity formation 
is :- 
S3 = rR2 (18) 
The potential energy due to the surface generated 
in the splash is :- 
U =, R! 2h+1 +2I 7 (19) R 
2.3.2.2 Potential energy of cavity due to gravity 
This is described by equation (4), 
2.3.2.3 Potential energy of wave due to gravity 
The potential energy of a standing wave is calculated 
using the equation given by H. Lamb 
(z5ý: 
- 
40 
hZdx U =1 Pg y 
2D 
0 
For the case we are cons idering dx =2-rdr 
substituting equation (10) for h gives: - 
__ 
ý/'i 
... 2 _. 2n 
ý Pg-tnU 
R/9 r2n-3 
00 
LT2 0 g(n-3)2 - R2n . 
(2n-4) 9 rzn-a R 
pgR (n -3)'W a 
18(n-2) 
2.3.2.4 The energy balance 
(20) 
and 
(21) 
(22) 
(23) 
- 
Summing the potential and equating them to the 
kinetic energy of the drop prior to impact gives: - 
ngPR` 1O. 5+(n_3)21+R12ii+1+2I1 = 2mpV2 (24) 2 9(n 1) r 
From experimental measurements the calculated energy 
from the splash shape is plotted against the 
measured drop kinetic energy in Fig. 19. The results 
shows reasonable agreement for the energy balance. 
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2.3.2.5 The high impact, energy balance 
From Engels data at high impact energies above 
50,000 ergs the ratio of (R), wave height to 
cavity depth, tends towards 2.8. Using this ratio 
for equation (24) reduces it to: - 
0"668n gPR°+ 11.8'TR2y = 0.5moV2 
(25) 
This solution is shown plotted on fig. 14 using 
Engels data for impact energies over 50,000 ergs. 
2.3.2.6 An empirical equation predicting cavity depth 
As is apparent, except for high impact energies, 
when the ratio of (R) tends towards a constant 
value, the energy balance approach is not very 
helpful in predicting cavity depth from impact 
energies, the problem being the unknown factor of 
the wave shape at low drop impact energies. An 
empirical approach appears to have some value. 
By neglecting the wave and plotting the potential 
(surface and gravitational) energy of the cavity 
against the drop impact energy gives a ratio 
between the two of approximately 0.3, see fig. 20. 
42 
+ -ý 
+ 
1- 
h 
O 
i 
ý 
ý,. 
We 
WQ 
NN 
3V 
Olu 
+0 
0 
0 
0 
Q 
0 
0 
0 
o0 
0 
q 
43 
0 
0 
O+ 0 
0 00 
4-1- o 
f+ 
0 
0 
0 
0 
0 
0 
o 
ýýýN 
äoöö 
. (Jbl3N3 1Jddi'I d0u 0 
ý Jä3N3 . l1 /AdJ 
I 
ý 
ö 
ý ý 0 ý 
O 
ý 
1 0 0 
ý 
0 
a 
0 Co 
0 N 
0 e 
0 
ý 
0 
0 
C 
0 
0 
ý 
W 
W 
Q 
ý 
ý 
U 
O 
+ 
i 
i 
Ilýýý+ 
CD ýQbn! OD 
"r ý "v -'O 
. (1 //t V: ) 
Ii 
p`) 
O 
ý X 
y 0 0 
0 ýr ý 
O 
ý 
` 
oU) 
oý 
ý. - 
v 
ý 
oW bZ 
O (Z 
ý 0 C'4 
ý 
.ý 
ý 
11t; c 
cj 
ý 
L 
An empirical equation for the cavity depth using 
. this ratio 
describes the experimental data with 
reasonable accuracy, i. e. 
2.4 
2.4.1 
0.25rcgpR'+nR2-y = 0.15mDV2 
(26) 
This equation is shown graphically in fig. 21 and 
appears a little closer to the experimental data 
than the semi-empirical equation due to gel. 
A dynamic model of the cavity growth 
The dynamic energy balance due to Engel(15a) 
The approach used is derived from the classical 
analysis carried out by Rayleigh 
27) to describe 
the collapse of a bubble formed by cavitation, the 
flow in the liquid around the bubble being 
described by a velocity potential. 
Engel applied this technique to growth of the 
cavity produced by a splash. The some comments 
as have been made on the static model are also 
relevant to this dynamic case, in particular the 
large underestimation of the potential energy due 
to the displaced wave around the cavity. 
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The energy balance is of the following form: - 
U1+U2+U3+T1+T2 =ý 1l4DV2 (27) 
Tl _ kinetic energy below surface of 
T 
2 
liquid. 
kinetic energy in the displaced 
wave. 
To calculate the kinetic energy the solution of 
the Laplace equation was assumed: 
--A cos© 
(28) 
However this is in fact the solution for the 
Laplace equation in cylindrical and not spherical 
geometry and is therefore wrongly applied to this 
system. See Appendix A for a more detailed' 
discussion of the solution of the Laplace equation. 
An attempt to estimate kinetic energy in the 
cylindrical wave was also made. Using the equation 
(28) for the velocity potential a value for the 
velocity at the surface level was calculated. It 
was then arbitrarily assumed that one half of this 
44 
velocity represented the velocity in the wave. 
These assumptions give a very small välue for 
kinetic energy in the wave. 
However despite all these inadequacies the model 
is quite close to experimental data at high drop 
impact velocities. When the potential energy at 
maximum cavity depth, calculated by the model, 
does approach one half of the original drop 
kinetic energy. 
A more serious criticism of the model is at the 
initial cavity growth stages. Engel assumes the 
model to be true at this point in time and applies 
Dernoulli's equation in an attempt to get at the 
initial pressure and velocities at the impact of 
the drop. This disregards the fact that the solution 
grows from a point and obviously at time zero the 
cavity will have infinite growth velocity. This 
problem was recognised in Lord Rayleigh's analysis 
of the cavitating bubble and he made an attempt to 
resolve it by assuming residual vapour in the 
bubble which is isothermally compressed. 
This point explains why Engel states the cavity 
growth to be seven times the impact velocity 100 
psec after impact and then makes use of this 
ý' 5 ý 
information to calculate the initial pressure. 
This is not compatible with the cavity growth 
mechanism proposed 2.2.1.1 of the growth of the 
cavity behind the drop and it also has not been 
observed in our cine photographs at initial impact 
of the drop, the initial cavity growth rate being 
considerably lower than the drop impact velocity. 
2.4.2 A dynamic energy balance 
The potential energy of the splash for this model 
is assumed to be described by the same equation as 
in section 2.3. The potential energy of the cavity 
will be adequately accounted for. The height of 
the splash is the more serious problem however fig. 
(22 and 23) show that the assumption of a constant 
ratio of height of splash to cavity depth is 
reasonable. 
The chief problem is describing the kinetic energy 
in the liquid. If it is assumed that the cavity 
is spherical, the plot of cavity width/cavity depth, 
fig. 7, shows that this assumption is poorest in the 
early stages of impact. More seriously the splash 
is unsymmetrical and is therefore difficult to 
describe analytically. 
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As discussed in Appendix A the Laplace equation 
solution ¢= 
A is the closest approx- 
imation to the splash. This solution will 
0 
overpredict the kinetic energy in the bulk liquid 
as in the case of a splash the kinetic energy is 
transformed to potential energy locally in the 
form of the wave. Further, close to the surface 
the flow pattern in the liquid is predicted 
wrongly, see fig. 2. The equation only allows for 
radial flow. As a result of this the kinetic 
energy in the wave is. neglected as this is being 
accounted for by using this solution of the Laplace 
equation. 
0 =A r 
(29) 
From the velocity potential the kinetic energy is 
( 
found using the equation25). 
Kinetic energy =Pfd ad ds (30) 2r 
- -v 
now 
ar 
' 
(3i) 
47 
at the cavity interface (32) 
¢=R2 
dtý 
r 
(33) 
Subsituting equation (33)into (30)and solving: - 
T+T = npR' dR2 
(34) 
12 
Cdt 
The kinetic energy of the drop does not go to zero 
on impact and it must therefore be allowed for. 
To make this allowance it is assumed that the 
velocity of the original drop is equal to cavity 
growth velocity: - 
dR2 T=2 D/ 3 
(35) 
where T= drop kinetic energy after impact, 
The energy balance then becomes: - 
1+ 2+ 
3+U+U+U =Zmo 2 T 
2.4.2.1 High speed impacts 
(36) 
As previously due to the variation of potential 
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0" 
energy in the wave the solution is applicable to 
higher speed impacts. It then becomes (see'egn. 
25). 0 
ý 2= 2 mp Vz( 
37 ) 
0"668 rgPR+11-8 TrR2y +'-2 mp 
ral +nPR3(ýdR ýD 
" dR _i 
mnV? 0.668rrg R4 11.8nR2Y 
t_. ImD+7rPR 
(38) 
This equation is solved by simple numerical 
integration. From Engels' data equation 38 is 
plotted in fig. 24 to compare with experimental 
results. 
2.4.2.2 A general empirical solution 
Assuming, as in section 2. j. 2.6, that the cavity 
potential energy is equivalent to 30% of -the 
impact energy the solution can be extended to 
lower speed splashes. To compensate for this 
assumption only 30% of the kinetic energy is 
accounted for as well. Therefore from equation 
(36) 
025ngpR4+nR27+03rrpR3[dt +0.15mDE 
12=0.15mDV2(39) 
49 
ä 
ý ý 2 
h 
M 
ir. 
0 
0 
0 
o DROP VELOCITY=S2I CM/SEC 
DROP MASS = 0.027'6 GMs. 
EOUAT/ON 40 
ýa f f" 
48 !2 16 
ELAPSED TIME, rSEC. 
FI G. 2S, DYNAMIC ENERGY BALANCE. 
I 
20 
hence: - 
2.5 
dR 
-_0.15m 
V? 0"257r pR4 rrR2Y 
dt 0.3rrPR3+0.15mp 
(40) 
This equation is shown plotted in fig. z5 for a 
low speed impact and it compares favourably with 
experimental results. 
Initial impact of a drop 
The flow induced in the drop and in the pool at 
impact cannot be easily predicted due to the 
complexity of the problem. However in section 
2.2.1.2 where the photographs of the impact are 
described it was seen that the front of the drop 
deformed to a flat disc (Fig. 5A). In fact the 
first photograph of the impact sequence shows the 
leading edge of the drop to be approximately the 
some diameter as the drop itself. 
This picture of the events suggested that the model 
of a flat nosed projectile(28) striking a free 
surface could be applied to the initial impact of a 
drop. It is to be noted that this can only be an 
approximation as in the case of a drop the leading 
edge does have a small horizontal component of 
velocity. 
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Boundary condition 
a') ri. vo = -V at the part of the free 
surface in contact with the leading edge, where 
V is the velocity of the leading edge. 
k 
b) O= 0 over the free surface where it is not 
in contact with the leading edge. 
c) IV OI =0 at large distances from the splash. 
This is the same mathematical problem as that of 
a disc moving through a liquid broadside at a 
velocity. 
Fig. 26 - Streamlines in Liquid at impact 
of a disc 
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The radius of the leading edge is a. At the 
free surface (h=0 
ý=2ri 
in elliptic co-ordinates ) 
and r= a. cosh the 
velocity normal to the surface has a magnitude: - 
_I aA vh r ar tio0 
V __ 1 
(at 
a +a77. a41 hr ar aý ar aT 
. ý0 2 
(4 1) 
(42) 
The stream function in elliptic co-ordinates is: - 
ý_ a2 V (sinh - cosh cof'sinhlsin2/ (43) 
The transformation from cylindrical co-ordinates 
to elliptic co-ordinates being in the case of a 
disc: - 
h+i r =a sinh I +in (44) 
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Hence: - 11 
vh' -2V i2 _1 
2- tan' ý -1 
7! a2 a 
for (45) 
r>a 
2.6 
This velocity distribution is shown in fig. 27, 
this model predicts at initial impact the growth 
of a cylindrical film of liquid around the 
impacting drop. Unfortunately the model cannot be 
applied any further than at impact. However it is 
suggested here that this analysis is further evidence 
that the cylindrical wave and film observed thrown 
up around the splash are one entity. - 
Velocity of the drop after impact 
This again can be calculated approximately - 
assuming that the drop is a solid entity with a 
leading edge with a radius equal to the drop 
radius prior to impact. 
The kinetic energy in the liquid at the moment of 
impact is easily calculated: - 
PVf[o] n dA 2z eo 
(46) 
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T= -7rp oJ [¢], odrT 
0<ý< 2 
(47) 
Using the transformation as before (equation 44) 
which reduces to: - 
r=asiti n (48) 
Then T= 3F a3 V2 (49) 
Assuming the drop velocity before impact is `/ 
and after impact the leading edge velocity is Vd 
An energy balance between before and after impact 
is: - 
243 3- 4 7rä 
3 
PVZ 3Pa3`/df 31räPVd- 3 (50) 
V= 0"87 (51) 
Vd 
This ratio gives an upper limit to the velocity of 
the drop as the cavity begins to grow later on in 
the splash sequence. As the impact velocity 
increases the model proposed here will become 
54 
nearer to the real splash situation. There should 
be no problem with water hammer as the impact 
velocities are well below the speed of sound in 
water (approximately 1400 m. sec-l). For the slower 
"speed impacts (around 500 cm/sec) measured here 
V 
the ratio Vd varies between 0.5 and 0.6, for 
Engels one higher speed splash (1,761 cm/sec) that 
V 
she gives data for Vdis approximately 0.7. 
This model despite its simplifying assumptions does 
give an upper limit to the drop vertical velocity 
after impact. 
" .... . ty'..; f 
2.7 Conclusions 
This work has been able to increase the understanding 
of the splash of a water drop in a number of 
ways. 
a) The initial flows in the drop and the bulk liquid 
after impact have been observed and described for 
the first time. The simple technique whereby this 
was achieved has also been described. 
b) The mechanism of the cavity growth and the drop 
flow has been observed and the descriptions of 
this by Worthington 
(9'10)and 
Engel 
(15,15 
a) ba-%re 
been modified. 
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c) The mechanism whereby the displaced cylindrical 
wave and cylindrical film grow, has been 
postulated as being purely a result of the flows 
induced in the target liquid by the growing 
cavity. The physical distinction between the 
two, proposed by Engel is suggested to be a 
purely visual phenomenon. 
d) The mechanism whereby vortex rings are produced 
from low speed drop impacts is proposed. 
eý That air bubbles are entrained by the splashing 
of drops is confirmed. It is suggested that 
this only occurs on the collapse of the 
rebounding jet. 
f) The energy balance for a splash proposed by 
Engel is modified and the need to assume that 
half the impact energy is lost is removed. 
gý The dynamic energy balance due to Engel is 
modified to include the modification to the 
static energy balance and to use a valid 
solution to the Laplace equation. 
h) A model is applied to the initial impact of 
the drop, the solution of which predicts the 
cylindrical film and cylindrical wave as one 
entity. 
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2.7.1 Suggestions for further work 
p) Examination of the initial impact of a drop with 
a higher speed eine camera than was available for 
this work so that more quantitative results may 
be extracted. 
b) It would be of interest to examine the very low 
speed impact of a drop, with a cine camera. This 
would require a device to be capable of triggering 
drops. 
c) The growth mechanism of the cylindrical' wave still 
requires more understanding. 
d) The mechanism of entrainment of air by one drop on 
impact has been described here. Of interest with 
reference to the subject of plunging jets would be 
the entrainment of air by a jet which has broken up 
into a series of drops. 
e) The splashing of drops into pools of liquid of 
different density to the drop would be of interest. 
f) The examination of splashing of drops of liquid of 
varying viscosity and density. 
I 
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3. AIR ENTRAINMENT BY A SINGLE COHERENT JET 
PLUNGING INTO A POOL 
3.1 Introduction 
Previous studies on jets entraining air into a 
pool have tended to concentrate on the measure- 
ment of rates of air entrainment. The processes 
involved in the capture of air within a pool, 
resulting from the plunging jet, have not been 
investigated so successfully. This has tended to 
be a handicap in interpreting entrainment data. 
In this study we have proposed a mechanism for 
entrainment which is capable of relating previous 
apparently unconnected observations of air 
entrainment. 
From our observations of the splashing of drops we 
found that air was only observed to be entrained 
on the collapse of the rebounding jet subsequent 
to the splash. In this section we propose that 
the mechanism causing the rebounding jet to entrain 
air is the same as that for a long continuous jet. 
From this we have developed a model of entrainment 
which we can test against experimental observations. 
Z) 
However before discussing the entrainment 
mechanism and the measurement of air entrainment 
we discuss jet structure and the difficulties in 
characterising this. 
r 
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3.2 Factors inducing and suppressing jet turbulence 
Order of magnitude variations in air entrainment 
rates. can be found in the literature, see fig. 23(1). 
The reason for these discrepancies between authors 
is that the rate of entrainment is strongly 
dependent on the roughness of the jet. The jet 
roughness-is controlled by two major factors: - 
(i) The vibrations present in the system, for 
example, those due to the pump. 
(ii) The design of the nozzle,. whether it is 
straight, convergent or even divergent. 
To date, all measurements of air entrainment 
have been for jets formed by circular nozzles. 
Although the characteristics of a jet are known to 
be strongly dependent on these two factors the 
nature of the relationship is still poorly 
understood. 
3.2.1 The effect of vibrations on a jet 
In previous work on air entrainment air pressure 
pumps or header tanks have been employed so as to 
reduce the effect of vibrations. However, it is 
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still not possible to compare different authors' 
results as differing nozzle designs have been 
used.. In this study the jets were pumped by a 
centrifugal pump which generally resulted in 
considerably higher rates of entrainment for 
comparable nozzles. This is further evidence of 
the significance of jet vibrations on the jet 
structure and consequent air entrainment rate. 
De Frate and Rush(29) noted that on tapping the nozzle 
of a non-entraining jet some air was then entrained. 
They further observed that the disturbance 
initiated at the nozzle travels along the jet. 
This phenomena that a disturbance will travel along 
a jet was shown experimentally by P lateau(30) and 
Savart(31) about a century ago. This problem was 
solved mathematically by Lord Rayleigh in the 13703'. 
He examined the case of a capillary jet which. has 
a large surface to kinetic energy ratio. It was 
assumed that potential flow exists and that the 
jet initially contains a small surface disturbance 
which gives rise to a surface energy instability 
as the surface endeavours to reach a minimum area. 
The analysis then consists of carrying out an 
energy balance over the jet. From this it has 
been shown that a disturbance will be unstable if 
its wavelength is greater then the circumference 
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of the jet. 
(Wavelength = Jet velocity x period of vibration). 
Another result of this theory demonstrated that 
only axisymmetric components of a disturbance 
are unstable and these grow exponentially. 
If the disturbances are random there is a wave- 
length which grows faster than the others and will 
hence become the controlling disturbance. C. V. 
Boys 
(33) 
showed this experimentally by the use 
of a jet as "a sound amplifier. He found that the 
amplified sound was distorted, meaning that some 
wavelengths are amplified preferentially. A 
conclusion of Rayleigh's analysis was that the 
fastest growing wavelength is equal to 4.51 Dj, 
where Dj is the jet diameter. 
Rayleigh's model is only valid for water systems 
and it has been extended to include viscosity and 
air pressure effects by Weber 
(34) 
who also found 
there was a maximum jet length beyond which it 
broke up into drops, this maximum being a function 
of jet velocity. 
I 
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Fig. 29 Variation of jet length with velocity. 
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The effect of air pressure as a destabilising 
force on a jet has been found to be effective if 
We > 5.3 (Where We = PRVj Di ). This work by 
(35) y Middleman and Fenn showed further that at this 
S 
ý 
value of the Weber number the breakup of the jet 
changes from symmetric to transverse wave growth. 
More recently, Phinney(36) drew attention to the fact 
that it is difficult to assess the level of the 
initial disturbance on the jet. 
The problem of all the work based on Lord Rayleigh's 
analysis is that it is specific to capillary jets. 
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The largest jets that this model is commonly 
applied to are for 0.2 cm. diameter nozzles, 
hence it may not be applied to the larger jets 
considered in this present study. This limitation 
is due to the decreasing importance of surface 
energy as a disruptive force with increasing jet 
diameter as the kinetic energy becomes of greater 
significance. Experiments on larger jets 
concerning the effects of vibrational disturbances 
are limited due to the absence of an adequate 
theory or even a simple qualitative explanation 
of what is happening within the jet. 
3.2.2 The effect of the nozzle 
It is very difficult to separate in a discussion 
of jets the effect of vibrations and the effect 
of the nozzle characteristics since they interact. 
The description of the jet structure is at present 
possible only on a qualitative basis. 
A number of authors have reported that a type of 
metastable jet may be observed. P. H. Schweitzer(37) 
have both reported and J. H. Rupe 
38 ) in greater detail 
that a high velocity laminar jet sometimes bursts 
violently to form a spray. This effect has also 
been noted by R. E. Phinney in his work comparing 
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jets formed from cylindrical nozzles with those 
from orifice plates. He also found that for high 
velocity laminar capillary jets those produced from 
orifice plates followed Weber's theory, whereas 
those from cylindrical nozzles did not; he was 
unable to account for this. 
In our measurements with a nozzle of 0.466 cm. it 
was found with a 12 cp. glycerol/water mixture, 
that the jet gave this bursting effect. What is 
surprising is the suddenness with which an 
apparently laminar jet consistently and within a 
very short length changes from a glassy smoothness 
to a shattered spray. P. C. Hooper 
(39) 
speculated 
that this jet shattering effect was the result of 
the decay of the velocity profile that had been 
in existence before the jet emerged from the 
nozzle. He suggested that the decay from a laminar 
profile in the nozzle to a flat profile in the jet 
supplied kinetic energy which is converted to 
internal pressure thus producing the bursting 
effect. Possibly easier to conceive is the 
explanation that J. H. Rupe gives: namely, that 
the decay of the laminar velocity profile to a flat 
velocity profile causes a radial pressure gradient 
resulting in a radial velocity and this is what 
causes the shattering effect. 'These two 
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explanations are the only ones that have been put 
forward to date. 
As has already been noted, R. E. Phinney found that 
jets produced by cylindrical nozzles have different 
break-up characteristics to those produced by- 
orifice plates. M. J. McCarthy(6) has shown that 
cylindrical nozzles give considerably higher rates 
of entrainment than, do convergent nozzles, and he 
gave as the reason for this velocity profile 
relaxation in the jet. This present work confirms 
the observation that the nozzle design affects 
entrainment rates (see fig. 28(ii) ). 
It therefore becomes apparent that there are at 
least two important factors cpntrolling the 
condition of the jet after it leaves the nozzle: - 
The degree of turbulence in the flow prior 
to the nozzle exit. 
(ii) The velocity profile in the nozzle. 
These factors are not independent and although 
mentioned in the literature they are not greatly 
understood; 
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3,2,2,1 The degree of turbulence in the nozzle 
There'are a number of possible means whereby 
turbulent flow is initiated in a nozzle. Amongst 
these are as follows: -' 
Roughness or a sharp edge at the nozzle 
inlet. 
(ii) Roughness in the finish of the nozzle 
surface. 
(iii Flow disturbances induced for example by 
the pumping system. 
The characteristics of pipe flow and the way flow 
instabilities are propagated along a pipe is a 
field of work in which experimental measurements 
have been made in detail. 
Originally 0. Reynolds(40) in 1883 found that at 
low values of the Reynolds number a disturbance 
initiated in pipe flow will decay. However, he 
found that as the Reynolds number was increased to 
around a value of 2,000 the disturbances were no 
longer damped out and the flow became turbulent. 
It is obvious from these statements that if there 
are no disturbances within the flow, the flow 
should remain laminar at any Reynolds number. 
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Experiments have been made to verify this using 
carefully designed trumpet shaped inlets so that 
any disturbances resulting from the inlet are 
reduced to a minimum. The results show that the 
. critical 
Reynolds number at which the onset of 
turbulence occurs is very much a function of the 
equipment. 
0. Reynolds himself stated that at Reynolds number 
greater than 6000 the flow would be turbulent. 
However, Ekmann(4i) claims to have obtained laminar 
flow within a pipe at a Reynold's number of 50,000. 
Taylor(4ý', 
) found it po$sible to produce laminar flow 
up to Reynolds number of 32,000. Gibson 
(43) 
using 
a 100 convergent cone observed laminar flow at 
Reynolds number of 93,000. 
Considering these results it is apparent that a 
great range of Reynolds numbers could be considered 
critical for turbulence depending on what system 
has been used. There has been no work relating the 
disturbance size to the critical Reynolds number at 
which turbulence will be induced. It would be of 
course very difficult to determine what the 
disturbance was at this low level. 
All these systems producing stable flow at very 
high Reynolds numbe. rs are unlike any that would be 
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encountered in an industrial situation. It is 
therefore usual to assume a value of 2,000 
criticalReynolds numbers Once the flow is 
as the 
turbulent in the nozzle the jet itself will remain 
turbulent. 
The effect of roughness of the nozzle will only 
effect turbulence if the disturbance it causes to 
the flow is greater than that caused at the inlet 
to the nozzle. 
3.2.2.2 Relaxation of the velocity profile 
This effect on the jet of the velocity profile 
relaxing on leaving the nozzle is highly 
indeterminate as the mechanism of turbulent jet 
flow is only partially understood. 
In the case'of a laminar jet emerging from a 
cylindrical tube the consequent effects of 
velocity profile relaxing has been studied 
thoroughly. It was realised as early as 1909 by 
Lord Rayleigh 
(44) 
that a jet will relax from a 
parabolic velocity profile to a flat profile due to 
the change of boundary condition to zero shear at 
the liquid/air interface. Harmon' showed that mass 
and momentum conservation considerations require 
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that the radius of the jet must decrease to' 
of the nozzle exit due to the velocity profile 
change. Further than this solutionsof the mass 
flow and momentum equations for a free jet falling 
under gravity have been found. These were solved 
independently, using different approximations'but 
obtaining similar results, by J. L. Duda(46 
I'or 
Re>500 
and by R. F. Brun 
(47 
'or 50 S Re<1,050. These ranges 
of Reynolds numbers. are considerably lower than 
those we have considered for jet entrainment of air. 
W. Ohnesorge(48) has made an attempt to characterise 
the flow. of a jet by its Re"nolds number. He showed 
---µ that by plotting the dimensional group ý 
against the Reynolds number the break up from a 
nozzle could be divided into regions in a graphical 
plot - see fig. 30. He classified three types 
of break up of the jet. 
(l) Rayleigh type break-up of the jet with a 
growing symmetric disturbance. 
(ii) The break-up of the jet due to anti-symmetric 
disturbances. The jet has a sinuous 
appearance, this band on his plot is quite 
narrow. 
(iii Atomisation of the jet. 
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In the present work it was observed that the jets 
which did atomise did lie just inside the third 
zone on Ohnesorges' plot; these were jets from 
cylindrical nozzles. 
There has been doubt recently cast upon Ohnesorges' 
work by M. J. McCarthy. He showed that it was 
quite possible to produce jets which had similar 
Reynolds numbers but could be within different 
Ohnesorge regions merely by decreasing the 
straight section of the nozzle. This does not 
appear to have been noticed previously although 
converging nozzles have been used to produce stable 
jets, for hydraulic coal mining and more familiarly 
for fire nozzles, at high Reynolds numbers. It 
would appear probable that Ohnesorge's work is 
useful though for long cylindrical nozzles from 
the small number of observation of atomising jets 
observed in this present study. 
An interesting descriptive article on the disruptive 
mechanisms in jet flow by P. H. Schweitzer 
(37) 
shows 
that turbulent flow in the nozzle will form a 
turbulent jet which will disrupt on leaving the 
nozzle. However, in the case of turbulent flow with 
a laminar boundary layer he states that the 
disruption of the jet will not begin until the 
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boundary layer breaks down. This is another Way of 
saying that the velocity profile is relaxing. 
3.2.3 The effect of nozzle convergence 
That this has an effect on the stability of the jet 
has been implied in the previous section. It is an 
established fact that laminar flow is stabilised by 
a slightly convergent tube. However, the mere 
damping of instabilities is not sufficient to explain 
the extreme changes in jet structure that a 
converging nozzle causes. The only plausible 
explanation appears to be that the convergent nozzle 
alters the velocity distribution in the pipe so that 
less relaxation is required in the jet. The 
literature on convergent nozzles is almost non- 
existent. 
3.2.3.1 Laminar flow 
If the tube has a very small convergence it has been' 
shown by L. Prandt1(49) using H. Blasius' analysis 
that, for a pipe with a decrease in diameter of lmm. 
along a one metre length and at a Reynolds number 
of 1,000, the velocity distribution across the pipe 
-72 I 
is significantly changed in that the central 
velocity drops and the velocity gradient at the 
wall tsecomes steeper. 
3.2.3.2 Turbulent flow 
An approximate modelt5ýý using boundary layer theory 
has been set up for the two-dimensional case. The 
analysis was simplified to the case of ideal flow 
(i. e. high Reynolds numbers) and the solution 
predicts that the velocity profile becomes flatter 
for the converging flow with consequently a 
reduced boundary layer thickness. 
Limited as the literature is regarding this subject 
it is apparent that for both laminar and turbulent 
flow the velocity profile across the nozzle is 
flatter than that found in the equivalent straight 
nozzle. The result of this is that the radial 
component of velocity in the jet needed to achieve 
a flat velocity profile becomes smaller and this 
apparently reduces the turbulence of the jet. 
3.2.4 Inlet length of a straight nozzle 
Although the present position regarding the flow 
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in a convergent nozzle is not too clear there is 
reasonable understanding of the flow in a 
straight nozzle. The point of real interest is 
to establish how long the nozzle needs to be before 
a steady flow distribution is obtained. 
3.2.4.1 Laminar flow 
From Nikuradse's experimental measurements Prandtl(51) 
formulated an empirical equation for'the inlet 
length of a nozzle for a steady velocity 
distribution to be formed. 
Li=O"04D,,. Re 
Li= Inlet length 
Re =Reynolds' number 
Dn_ Nozzle diameter 
3.2. .2 Turbulent flow 
(52) 
Nikuradse originally proposed that the inlet 
length for 
.a 
steady velocity profile for turbulent 
flow was between 25 to 40 pipe diameters. This 
statement must be qualified in the light of more 
recent measurements. A. R. Barbin and J. B. 
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Jon. es(52) studied pipe flow at a Reynolds number 
of 388,000. Amongst their conclusions they found 
that the boundary layer builds up in a similar 
way to that on a flat plate until the potential 
core at the centre of the pipe disappears at 
around 
Li 
=30.5. 
Dn 
At this point the velocity profile is more 
parabolic than at the steady state and the 
profile would then begin to relax towards the 
steady state profile. They found that at 
Li=40.5, the limit of their apparatus, the flow 
Dn 
was still not completely steady. Hence they 
found that the inlet length was greater than 
previously envisaged. 
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3.3 The mechanism of air entrainment 
The amount of air entrained and the minimum jet 
velocity necessary to induce the entrainment of 
air is dependent on the following factors: - 
1. Fluid properties. 
2. Dimensions of the jet and its velocity. 
3. The structure 'of the jet. 
There is obviously a major division in the way 
laminar and turbulent jets entrain air; we 
therefore consider these separately. The reasons 
for varying jet structure have been discussed in 
section 3.2. For simplicity we consider the jet 
and the medium it is plunging into to be the some. 
3.3.1 The entrainment of air by a laminar jet 
Little has been published examining air entrainment 
by a plunging laminar jet. The exception to this 
is the work of T. J. Lin(7)who studied the entrain- 
ment due to laminar jets using glycerol/water 
mixtures and mineral oils. As a result of his 
measurements he formulated a correlation for 
predicting the minimum velocity necessary to induce 
air entrainment using dimensional analysis: - 
Vc=6.22 IYI 
794 
D0.206Pi "206 µO. 
206 
(53) 
Where Ve = minimum jet velocity to induce 
entrainment. 
Dj = jet diameter at plunging point. 
Pi = liquid density. 
µý. = liquid viscosity. 
7ý = surface tension. 
His measurements were made for viscosities down 
to 20 cp. at which point he found that the jet 
was becoming unstable due to turbulence and 
another entrainment mechanism was predominating. 
For low jet velocities it was observed that the 
pool liquid formed a meniscus at the point of' 
contact between the jet and the pool. The meniscus 
being of a similar shape to that formed on a glass 
rod penetrating a water surface. Lin also found 
that as the jet velocity was increased the 
meniscus would disappear and be replaced by a thin 
gas annulus formed around the jet as it penetrated 
below the surface. The equilibrium average 
7 /7 
length of this film was as high as 4.5 mm. its 
length increasing with decreasing velocity. The 
thickness of the film was of the order of 1 to 
x lO3 cm. 
Fig. 31, Formation of the gas film by a 
plunging laminar jet 
1 I- 
gas film. 
5 
Entrainment of air was caused by the instability 
of the thin gas film which oscillated. 
jet velocity is increased the speed of 
As the 
oscillation rises until the tip of the film 
?8 
pinches off. Lin compared this with instability 
of a jet. 
A 
At lower viscosities the picture has been extended 
by the work of McCarthy and Burgess 
(53). 
They found 
that as the viscosity was decreased to about 11 cp. 
waves of increasing amplitude travelled down the 
annulus. These waves periodically bridge the 
annulus resulting in entrainment. 
For jets of-still lower viscosity, below 6.5 cp. 
the gas annulus disappears and, when the meniscus 
r 
rising up the jet inverts, a trumpet-shaped zone 
forms around the jet. 
Fig. 32, Formation of trumpet around the plunging 
jet. 
fTrumpet ý 
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This trumpet is stable and entrainment was not 
found until the jet velocity increased. 
McCarthy 
(53) 
suggested that the explanation of the 
mechanism causing these different phenomena is not 
satisfactory. He felt that Lin's proposal that 
ý when the jet plunges into the receiving 
liquid, the viscous force and surface tension 
force exerted on the system are such that a small 
clearance is created between the jet and receiving 
liquid' was not of great help. A simple model 
has therefore been proposed which appears to go a 
small way towards at least qualitatively. 
explaining some of the phenomena. 
-3. j. 1.1 A minimum entrainment velocity model 
The difficulty with finding a model to adequately 
describe air entrainment is that the flows induced 
in the bulk liquid are not readily amenable to 
classical fluid mechanics analysis. For this 
reason it was decided that the most hopeful line 
of approach-was a simple force balance treatment 
of the system. 
0 6 
It was assumed that air is entrained when the force 
on the surface induced by the plunging jet becomes 
greater than the surface tension of the liquid 
surface, i. e., the surface would collapse at this 
point. 
The forces on the surface causing this collapse of 
the meniscus are: - 
(a) The flow induced in the bulk liquid, in a 
downwards direction, by the plunging jet 
resulting in a momentum change. 
(b) The flow of air in the boundary layer around 
the jet impinging on the surface. 
The force due to surface tension in an upwards 
direction is 
F, = r1rrDi (54) 
where Y= surface tension 
The flow in the bulk liquid is difficult to assess 
and three approximating assumptions have to be made, 
all of which are quite serious. Firstly the 
meniscus is neglected and it is assumed that the 
surface of the pool meets the jet at right angles. 
Secondly it is assumed that close to the jet 
impingement point the jet induces a pool surface. 
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velocity equal to the jet velocity. In addition 
to this, the motion below the pool surface towards 
the jet is controlled by the pool surface velocity. 
From this assumption of surface flow continuity we 
find that: - 
DU = Dj Vj 
where Vj = jet velocity 
(55) 
The third assumption is that the acceleration of 
the liquid below the surface (induced by the 
plunging jet) may be adequately described as an 
accelerating flow over a plane surface rather than 
towards a sink. This assumption is made due to 
the difficulty in solving the real flow problem. 
It is partly justified by the model providing a 
reasonable description of observation. 
This system has been solved by Falkner and Skan(54) 
using the transformation: - 
I 
ý`ý zf[ý] , 4= 
1 
-UPI 2 
Pi iX 
where y liquid viscosity 
Pi = liquid density 
U= surface velocity 
X= -distance from impingment point 
O= stream 'function 
(56) 
2 8 
Now the momentum thickness is described by: - 
a2= u 1' u dY 
"o0 LJ 
(57) 
Using the relationship that: 
U= d4, dy 
u=dO dn dn dy 
From equation (56) it is found that: - 
(58) 
(59) 
u=U. f[n] (60) 
Substituting this into equation (57)gives: - 
Y ' 61 () f'CýJ dq 2 I°ý U 0 
t 
X 
'ö2 AU) 
From equation (3) we know that: - 
U_ 
D 
The momentum thickness hence becomes: - 
1 
öz : K. Pi D2 
i 
, v; D; 
(62) 
(63) 
(64) 
At the point of impingement between the jet and 
the pool., equation (64) becomes: - 
1 
K µ, D, 2 (65) 2 01y1) 
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The force in a downwards direction due to 
entrainment of pool liquid by the plunging jet is 
approximately: - 
Hence 
F2 = rr D; a2 P, V; 
2. 
1 
F2= rtD; K Pýu, D; V; 
2 
(66) 
(67) 
There is also a force on the pool surface due to 
the air boundary layer surrounding the jet. The 
solution used is that of the boundary layer build 
up on a flat plate. The solution for the momentum 
thickness is quoted by Rosenhead(55) as: - 
1 
µg L2 
a2-0"6641 Pg ug 
where ug= gas viscosity 
L= jet length 
Pg = gas density 
68) 
As before the force is calculated as that due to 
the change of momentum as: - 
1 
I' 
F3c 0"6641 rrD, Pg AgLV; 
3 (69) 
Pg 
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The force balance is: - 
F1-F2+F3 
Hence; 
2 
vc _Y 
PgµgL 
(KolilIDj 
+0-6641., 
(70) 
(71) 
This is the minimum velocity of the jet to induce 
the meniscus to invert. To ascertain a value for 
the constant K, Lin quotes that for a jet length 
of 6 cm. a glycerol/water mixture of 1 poise 
requires a jet velocity of 185 cm/sec to induce 
the meniscus inversion. This gives a value for 
K of 0.02816. 
Using this value of K the dimensional equation of 
T. J. Lin and his data are compared with this 
solution in fig. 33 and 34. It can be seen that 
the model gives a reasonable fit to the experimental 
data. The poorest fit is the prediction of 
entrainment velocity variation with viscosity. This 
is probably due to the inadequacy of the second 
assumption. 
An examination of the form of the model does 
suggest some further insight into the different 
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mechanisms of entrainment as observed by Lin for 
high viscosity liquids and by McCarthy for low 
viscosity liquids. 
3.3.1.2 The thin gas annulus 
At high viscosities of around 4 poise Lin states 
that an annulus of an average length of 4.5 mm 
is formed around the plunging jet. Fig. 35 is 
a plot of the ratio of the force from the air 
boundary layer around the jet impinging on the 
surface, to the total on the surface for varying 
viscosities. From this figure it can be seen that 
at 4 poise the force from the boundary layer is 
approximately 1.5% of the total force for a jet 
A 
0.65 cm. diameter. The force tearing the surface 
therefore primarily comes from the acceleration 
imparted to the liquid entrained by the jet at 
its point'of impingement. Now it is obvious that 
if this is so the tearing of the surface will 
continue deeper into the pool, presumably 
indefinitely. However, the annulus between the 
jet and the pool becomes unstable and breaks down 
at its tip with an oscillating motion resulting 
in entrainment. Air is therefore physically 
captured by the jet. 
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It is important to ascertain what force maintains 
the annulus while the jet shear causes failure of 
the surface with increasing depth into the pool. 
Presumably the air in the boundary layer is the 
origin of this force otherwise there would be no 
reason for the annulus to appear as a stable 
phenomena. If we consider a force balance around 
the annulus from this point of view it can be seen 
that the buoyance force upwards due to the annulus 
is: - 
Force upwards= Tr DD a1 
(o_pg) 
g 
where 
a=annulus width 
1=annulus length 
(72) 
As before, from equation (69) the downwards force 
resulting from the air boundary layer is given by 
i 
1 
2 
Force downwards =0.6641rrDjfg jugLVi (73) 
Pg 
Equating these forces results in the following: - 
a. 1= 0"6641 gL 
Vj3 
CPI'Pg] g 
(74) 
For a glycerol/water system of 4 poise with a jet 
velocity of 75 em/sec. diameter of 0.65 cm. and 
L 
length 10 cm., 
51=6.3x10 
It 
The equilibrium length as already stated is observed 
to be approximately 0.45 cm., for this case, which 
gives :- 
b= 1.4 x 10-3 cm. 
This value of 1.4 x 10-3 cm. for the gas annulus 
thickness compares well with the range of thick- 
ness measured by Lin who gives variations of 1 to 
5x 10-3 cm. This agreement gives support to the 
mechanism proposed here. 
3.3.1.3 The gas trumpet 
As has already been described McCarthy found that 
at values of viscosity of around 11 cp the annulus 
began to become unstable and was repeatedly bridged. 
Further, that at around 6.5 cp the annulus was no 
longer formed but a type of trumpet was formed in 
the jet impingement zone. It does not appear 
possible to put any quantitative value to this 
phenomena. However, on re-examining figure 35 it 
can be seen that from around 10 cp the force 
as 
emanating from the air boundary layer rises 
quickly as the viscosity of the liquid is lowered. 
9 
It is suggested here that the mechanism which is 
described as 'tearing of the surface', due to 
liquid entrainment at the plunging point, begins 
to change into a process of physical pushing of 
the meniscus downwards by the air boundary layer. 
Eventually, the meniscus inverts due to the force 
on it, but there is no reason for it to form an 
annulus as the surface shear is not sufficiently 
great to tear the liquid surface. Instead as the 
force on the trumpet is increased by a small rise 
in jet velocity, the air in the boundary layer 
penetrates the surface and is then carried down 
by the jet. 
. 
3.3.1.4 Vortex formation and entrainment 
It was found during observations of air 
entrainment in glycerol/water systems that if the 
jet is not truly vertical a vortex is easily 
formed around the jet, this is particularly so 
for low viscosity mixtures. The vortex gathers 
speed until a trumpet is formed which gradually 
deepens and then suddenly collapses naturally or 
a burst of entrainment occurs with the vortex's 
subsequent collapse. 
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A possible cause for this vortex formation 
inducing entrainment is suggested here: as the 
vortex increases in speed an increasingly deep 
trumpet is formed around the jet impingement 
point. It would appear plausible that as with 
viscous laminar jets the elongated trumpet 
becomes unstable at its tip resulting in a burst 
of entrainment. 
3.3.2 Air entrainment by a turbulent jet 
From the observations made in this study there 
appears to be two possible mechanisms for 
entrainment by a turbulent jet. Low speed 
turbulent jets appear to entrain air in a somewhat 
random manner. For high speed turbulent jets 
physical capture of air between the jet surface 
and p9o1 surface occurs. It will be proposed here 
that the distinction between the two is not a 
distinction in mechanisms. 
3.3.2.1 Slow speed turbulent jet entrainment 
It was found from our observations of turbulent 
jets that. for Reynolds numbers around 8,000 that 
air appeared to be entrained randomly by rough 
jets. To examine this more closely high-speed 
cine photographs were taken, see figure 36. 
o lp 
Figure 36 : Photographs of entrainment by a 
slow rough jet 
The results of these was in some ways surprising 
in that the air was not entrained behind a bulge 
in the jet but at the front of the bulge. 
Fig. 37, Position of occurrence of entrainment 
on a slow rough jet. 
Entrainment zone 
Tide rocalls a similar observation noted in 
section 2.2.8 when discussing the entrainment of 
air by the collapse of the rebounding jet formed 
after the splash of a drop on a water surface. 
In this case it was again observed that the 
entrainment occurod whilst the jet diameter was 
increasing as the jet sank into the pool. 
C. 1 
One possible explanation for this phenomena is 
that the increasing jet diameter induces a higher 
shear at the impingement point of the plunging jet 
than that due to an equivalent smooth jet. A gas 
annulus is formed around the jet, as with a 
laminar jet, at the point it penetrates the pool. 
The air is entrained by the collapse of the annulus 
at the pool surface. 
ilowever, although this explanation may be 
contributory to entrainment it is indeed not the 
controlling mechanism. In the case of the 
rebounding jet occuring after a splash, see fig. 11 
it is evident that the entrainment commenced prior 
to the diameter of the jet changing significantly. 
Therefore, the acceleration of the liquid is not 
the cause of the entrainment. 
The other force that we have considered as 
contributory to entrainment is that due to the 
boundary layer associated with the Jet. In the 
case of the collapsing rebounding jet the bulbous 
tip collapses faster than the neck. Resulting 
from this a large amount of air will be physically 
displaced in a downward direction. The total 
force duo to this air flow, it is suggested here, 
is aufficieflt to cause the collapse of the 
surface. 
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For a continuous rough jet the air within the area 
swept out by the jet will be travelling at 
similar velocity to that of the jet. When the 
pool surface collapses due to air pressure an 
annulus of air will be formed around the jet below 
the surface travelling at a speed equal to the jet 
plunging speed. The flow of the gas annulus 
surrounding the jet is unstable and within a short 
distance of travel collapses into bubbles. 
Examination of Fig- 36 shows this annulus and 
its subsequent collapse as it is carried into the 
pool. The transformation of the annulus into 
bubbles take place over a significant distance of 
travel. 
3.3.2.2 A simple model of rough entrainment 
Fie. 38, An ideal rough jet 
a: 5 
Figure 39 a: Entrainment by a jet from a long cylindrical nozzle 
Jet diameter = 0.894 cm 
Velocity = 573 cm/sec. 
Figure 39 b: Entrainment by a rough jet 
from a long cylindrical nozzle 
Jet diameter = 0.894 cm 
Velocity = 781 cm. /sec 
Figure 390: Entrainment by a jet from a 100 convergent nozzle 
Jet diameter = 0.894 cm 
Velocity = 637 cm/sec 
Figure 39 d: Entrainment by a jet from a 100 convergent nozzle 
Jet diameter = 0.894 cm 
Velocity = 1297 cm/sec 
This model is an attempt to correlate jet 
roughness with the minimum jet velocity to induce 
entrainment. 
To simplify the problem we assume that the 
roughness of the jet is symmetrical. Examination 
of figure 39 shows that ' thi s is indeed not 
completely true for these jets of very slight roughness, it 
will also be untrue for jets of a sinuous shape. 
Let the jet's maximum diameter be D2 and the 
minimum diameter be D1. The force of air, striking 
the pool surface, which is being physically carried 
along by the jet is: - 
Air-force = TT 
(D2 
-D2 
V, 
2 
p& 
41 
(75) 
From equation (67) we know that the force due to 
the. acceleration of the pool liquid is: - 
Force in liquid = 7T D 0.028161, Pº Jý D1 Vý (76) 
The force due to surface tension is as in equation 
(54}- 
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TT DY Surface force= 
The force balance then becomes: - 
ld2_ 2 
,2 
Y=0"02816 Pt tý, DV3ý + 
-D, 
ý 
ý. 1 pg 
4 D, 
I 
f 
(77) 
(78) 
For the case of a water jet of l cm. diameter a 
plot of minimum velocity to induce entrainment 
against jet roughness can be seen in Fig. 40. 
From this fig, it becomes apparent that for a jet 
velocity above 8.7 rn s. all the air within the 
volume swept out by the jet will be entrained. 
3.3.2.3 High speed turbulent jet entrainment 
The observation that all the air within the 'volume 
swept out by the jet is entrained was first made by 
M. J. McCarthy. He found that as the jet speed is 
increased a trumpet shaped vortex forms around the 
jets plunging point. As the vortex gathers speed 
the trumpet would deepen until a large burst of 
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entrainment occurs. The burst of 
entrainment may be possibly explained in 
the same way as we have attempted to for 
the case of a laminar jet. The vortex as 
it deepens eventually becomes unstable 
leading to its collapse with a resultant 
burst of entrainment. The formation of 
the vortex presumably being similar to 
the better known 'bath tubs vortex. At 
higher speeds McCarthy observed that the 
. *-"large quantities of air being entrained 
inhibit its formation. 
Figure 39 shows entrainment by slow rough 
jets and higher speed smoother jets. 
Examination of these does not appear to 
show any great difference in actual 
mechanisms of entrainment, though the 
quantities of air being entrained are 
extremely different. They all show an 
annulus around the jet, travelling at 
the speed of the jet, which subsequently 
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collapses into bubbles. The mechanism of 
entrainment by slow and high speed jets is 
therefore basic. -O. 15- the same with the exception 
of the bursts of entrainment induced by 
vortex formation for smoother jets. 
3.3.2.4 Models of entrainment 
An attempt to predict the rate of entrainment 
from a logical basis has been made by Szekely( 
3) 
The model assumes that all the 
'air in the 
boundary layer around the falling jet is 
entrained into the pool. As a description of the 
mechanism of entrainment the model is inaccurate. 
Using conventional boundary layer theory he 
formulated the following equation: - 
Qg 
_4 
3ýg L+ 1.73 L 
Q Dj Pg vý Pgvi 
Where Qg= gas volumetric flowrate. 
Q1= liquid volumetric flowrate. 
i" 
(79) 
* see Appendix C. Szekeloy's derivation contained 
an error. 
For a rough jet the concept of a boundary layer 
cannot be described by conventional equations. 
However in the case of a smooth jet this model 
cannot have validity until the shear due to the 
acceleration of the liquid becomes greater than 
the surface tension force maintaining the surface. 
Using the model proposed in section 3.3.2.2 this 
minimum jet velocity is: - 
V, > y 
o"o2a16` P,, ", Dj 
2 
)i 
(80) 
See fig. 41 for a plot of this minimum velocity 
where Szekely's model becomes valid for smooth 
high speed water jets. 
For lower speed smooth jets below this minimum 
velocity a model is proposed here. This model 
is for jets of viscosity below 6 cp where the 
low viscosity entrainment mechanism is operative. 
Again using-the force balance formulated in section 
3.3.1.1 only now allowing the out of balance force 
to equal the momentum transferred below the surface 
by the entrained air. 
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If the annulus thickness. is & and is much 
smaller than the jet diameter. the entrained air 
2 
momeiitum = Tr Dj & pg V. i 
Therefore 
(al) 
I 
Q_ 'Tr Di Y, -0"02816 Dy; 
Z 
-0.6641 P&ugLV; 3 z (82) s pg vi 
For smooth jets this Model and Szekely's model 
compare quite well with the rates of entrainment 
measured by M. J. McCarthy for smooth jets (see 
0 
fig. 42 ). The goodness of fit deteriorates with 
increasing jet diameter and velocities. This is 
to be expected as the Reynolds number increases 
with both and more particularly as the jet 
velocity rises the boundary layer becomes thinner 
whereas the jet will become increasingly rough. 
When the roughness becomes more significant than 
the boundary layer thickness it will patently 
control the air entrainment rates. 
However for smooth jets these correlations give 
a minimum entrainment rate, as the roughness 
increases the rate also must rise. 
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A. number of empirical correlations for the rate 
of entrainmcu t by plunging jets have been 
published. M. J. McCarthy has pointed out that 
the results they give are contradictory because 
of the problems of differing nozzle designs. 
They cannot therefore be satisfactorily compared 
with each other. 
De Frate and Rush 
(29) 
formed a correlation of 
the form: - 
z QL. 
= 10 
6 LVn L Q, Y, 
(83) 
Oy am a, Takashima and Idemeura(56) developed the 
following correlation: - 
Q 
-0-4[ 1"33 2.18 n"28 -i rT -i" -- 
Q, 
µ1 11 1' 1 
J F, ýA IJL yIPI nJL Dn J 
(84) 
Recently a further correlation has been developed 
by E. van de Sande(-57): - 
S3 
8 Q8 
"_0.06 
1VVL 
Q, it Do s 
(85) 
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These correlations are compared with data due to 
McCarthy and they are quite at variance as is 
shown in fig. 28 . This variability shows 
the 
problem of forming a correlation unless the 
system is very closely defined. 
3.3.3 Conclusions 
The mechanism for air entrainment by plunging 
laminar and turbulent jets has been proposed in 
this section. This satisfactorily explains the 
various observations made in other studies of 
this subject. 
Models have been subsequently derived to predict 
the following: - 
(i) The minimum entrainment velocity for a' 
smooth jet. 
(ii) The relationship between jet roughness and 
the minimum entrainment velocity for a 
turbulent rough jet. 
(iii The entrainment rates of air by smooth low 
viscosity jets. 
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3.4 Methods of measuring entrainment 
Accurate measurement of air entrainment rates is 
quite difficult. This may be one reason for the 
paucity of experimental work published on the 
subject. Two methods of measuring the air 
entrainment are possible: - 
(i) Catching of air, after it has been entrained. 
(ii) Measuring the removal of air from above the 
liquid surface. 
3.4.1 Trapping entrained air 
There have been two types of devices used to make 
this measurement. 
3.4.1.1 The angled jet 
This device appears to*have been used initially 
by Shirley 
(58) 
. The jet was set at an angle to 
the liquid surface so that the entrained air 
could be caught in a reservoir, see fig. 43. 
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Figure 43 - Inclined jet bubble trap 
9 
metered air 
4 
The flowrate of air from the reservoir was 
determined by measuring the pressure drop across 
an orifice plate. 
He varied the entry angle of the jet and 
measured the corresponding rates of entrainment. 
These results were then extrapolated to find the 
entrainment rate for a vertical jet. 
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This procedure has also been used by De Irate and 
Rush 
(29) 
using water and by M. J. McCarthy 
(6 
using mercury. The great advantage in using 
this technique is evident in the case of a mercury 
jet in that no equipment was required below the 
mercury surface. 
3.4.1.2 The conical bubble trap 
Oyama, Takashima and Idemeur a(56) developed a cone 
shaped bubble trap, see fig. 44. 
Fig. 44 - Conical bubble trap 
t" 
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In this case the jet and its entrained air are 
passed down through a tube in the apex of the cone. 
The air is then caught in the cone when it rises 
again. They used this system for water jets but 
found that it did not work well for viscous oils. 
This technique has been used in this study and 
found to be satisfactory for water over a 
reasonable range of jet types. At very high 
entrainment rates, produced by very rough jets, 
the apparatus. performance diminished as air began 
to escape from the system. Also for slow rough 
jets which did not have sufficient momentum to 
carry the entrained air deep into the pool, the 
apparatus was unable to trap the air. 
As a technique we found it very unsatisfactory 
for water/glycerol systems due to a tendancy of 
the entraining process to cause foaming. This 
made it impossible to meter the air, when it was 
caught in the trap. 
3.4.2 Removal of air from above the liquid surface 
The reason for this technique being developed was 
as a means of measuring entrainment rates for 
foaming liquids. It was found also to be more 
105 
satisfactory for low speed rough jets the bubbles 
of which the conical trap was unable to catch. 
Apparatus was therefore built to measure the rate 
of removal of air from an enclosed space above the 
surface. A canopy fitted around the nozzle 
penetrates just below the surface as shown in 
fig. 46 and the jet plunges through the liquid 
surface and passes through a short tube around 
which a circular sheet is fitted so as to prevent 
any entrained air returning to the canopy. 
Fig. 45 - Device to measure air removel 
from above the surface 
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When using jets of high flowrate it was found that 
the airtrap and base of the canopy needed to be 
more than four centimetres apart to prevent the 
liquid entrained by the jet inducing a high enough 
flow velocity towards the jet to result in bubbles 
returning to the canopy. 
Owing to the difficulty in measuring the rate of 
entrainment by viscous jets using a conical bubble 
trap, the two measuring devices could only be 
compared for entrainment by a water jet. Fig. 46,47 
compare entrainment measurements for both devices 
and show data for two different jet diameters. 
These figures illustrate that the two methods of 
measuring entrainment rates give similar results. 
These figures also indicate that for the smaller 
jet the depth of the air trap was not very 
significant, whereas for the larger jet 4 cm. was 
set as a lower limit for measurement of 
entrainment. 
The principal manner in which the use of the canopy 
could change the entrainment rate is that the 
circular shape of the canopy (30 cm. diameter) 
used in this study would encourage the formation of 
a vortex at the jet plunging point. So as to 
observe this a window was put in the wall of the 
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canopy and it was found that a vortex was not 
formed possibly as a consequence of the 
roughness of the jets used. 
'A method similar to this in principle has been 
recently used by M. J. McCarthy 
6) 
which 
replaced the air trap by a transfer tube to direct 
bubbles away from the canopy, see fig. 48. 
Fig. 48 - The transfer tube method 
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This system was tried in this study and was found 
to work very well particularly for water jets. 
However for rough slow jets, in particular 
viscous jets, the jets did not appear to have 
sufficient momentum to carry the entrained air 
around the duct. 
3.4.3 Discussion of measuring techniques 
Two significant criticisms may be levelled against 
all these methods of measurement. First, it is 
obvious that both systems of air trapping or air 
removal interfere with the fluid flow in the tank. 
however the fact of raising or lowering of either 
system made no significant difference to the 
experimental results. This fact implies that the 
phenomenon of air entrainment depends not on the 
tank liquid flows but on the jet. This is not, 
true if the trap is so close to the surface that 
a vortex forms at the top of the trap. 
Secondly, and more seriously, both systems of 
measurement prevent interaction between the rising 
bubbles and the jet. This is particularly relevant 
at very high entrainment rates when the surface 
becomes extremly disturbed by rising bubbles. This 
factor is difficult to allow for in any physical 
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method of measuring entrainment. However the 
proposal by ; McCarthy that entrainment is 
controlled at high jet velocities completely by 
the jet roughness and consideration of the models, 
proposed in section 3.3, encourage one to assume 
that the pool surface disturbances are not highly 
significant in controlling entrainment. 
3.5 Air entrainment by a water jet 
The reason for measuring the rate of air entrain- 
ment was to obtain a correlation of the air 
entrainment rate in a system closer to that which 
would be employed if the plunging jet were to be 
used as an air contactor. As was discussed in 
section 3.2 and 3.3 the rate of air entrainment 
can vary greatly depending on how the jet is 
produced. 
The system chosen was such that the jet would be 
pumped by a centrifugal pump and the nozzles 
length of the order of 80 diameter so that a stable 
boundary layer is formed. The nozzle was a 
stainless drawn steel tube, as a nozzle in 
continuous use would not be of the highest standard 
of finish. The nozzle was cut square at the end. 
1 10 
To assess the effect of different pumps on the 
entrainment rates three different pumps were 
used. One able to absorb i H. P. and the other 
two of 1 H. P. The rates of entrainment from jets 
from each pump were indistinguishable from each 
other. There are two possible reasons for this 
(i) That the vibrations imposed on the jet by 
the pump induced turbulence of such a high 
level that the destructive effects on the 
jet were indistinguishable. 
(ii) The relaxation of the boundary layer in the 
jet has considerably more effect than pump 
vibrations or jet roughness. 
Smooth nozzles of machined brass were also made. 
These had as their inlet region a cone of 100 and 
straight lengths of zero diameter, five diameters 
and ten diameters so these could be compared with 
the long steel nozzles. The operating temperature 
of the water varied from 14°C to 17°C; all metered 
rates of air were corrected to S. T. P. conditions. 
The rate of entrainment measurements, for jets 
flowing from long cylindrical steel nozzles, were 
cprrelated using the following equation: - 
1 1i 
QgQ Lo s 
_výJ. 
V /oL\ 
Q, 
OU 
-1 D3-2' 
N 
Where QI = Jet flowrate, cm 
3/sec 
Q8 = Gas entrainment rate, cm3/sec 
L= Jet length, cm. 
DN= Nozzle diameter, cm. 
The constant 
hl = 0.000294, units in (c. g. s. ). 
K2 = 0.2 
The limits of the equations experimental applicability 
are for nozzle diameters of 0.45 cm to 0.9 cm., jet 
lengths 0 to 50 cm., with jet velocities of 200 to 
900 em/sec. 
It was not attempted to put this equation into a non- 
dimensional form as not all the relevant variables 
worn altered. 
The data is plotted for this correlation in fig. 49 
and from this it is apparent that it gives a 
reasonable fit for. the system described here. 
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Of interest is a comparison of the correlation 
with entrainment data taken from jets formed by 
the machined bronze nozzles; this is shown in 
fig. 50. The brass nozzle with no straight section 
and that with five nozzle diameter straight section 
give considerably lower entrainment rates than 
predicted by the correlation. However the nozzle 
with a ten nozzle diameter straight section gave 
similar entrainment rates to those observed for the 
cylindrical steel nozzles for Reynold's numbers 
greater than 35,000, the jet being more stable at 
lower Reynold's numbers. 
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3.5.1 Conclusion 
These experimental measurements give rise to some 
very interesting and in some way surprising 
conclusions. 
(i) Fine finishing of the nozzle does not 
significantly effect the rate of air 
entrainment for long cylindrical nozzles. 
(ii) At a high Reynolds number whether the 
inlet section is smooth or rough does not 
effect the rate of air entrainment if the 
nozzles straight length is greater than ten 
diameters. This implies that the 
relaxation of the boundary layer is the most 
significant factor inducing jet roughness. 
(iii Disturbance from the pump also does not 
effect jet roughness for long cylindrical 
nozzles. Fig. 51,52 shows a comparison with 
McCarthys' data for long nozzles using a 
constant head tank, these compare quite well 
with our correlation. 
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3.6 Air Entrainment by a viscous jet 
It was decided to use a glycerol/water mixture as 
the working fluid as the variation of viscosity 
with glycerol concentration is well documented. 
The disadvantage with a glycerol/water mixture is 
that it is surface active and shows a tendency to 
foam, making entrainment measurements more 
difficult. 
3.6.1 Determination of liquid viscosity 
Glycerol absorbs water from the atmosphere, this 
moans that each time a series of experiments were 
carried out the viscosity required determinating. 
Rather than measure viscosity directly, the values 
at varying concentrations and temperatures quoted 
in the International Critical Tables(59) were 
used. 
Ttio concentration of the mixture was determined 
from measurement of its refractive index at 15.5°C, 
The rofractometer was calibrated using pure liquids 
of known refractive indices. 
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3.6.2 Measurement of Entrainment 
As the-entrained air foamed the air removing device 
was employed to measure the rate of air entrainment. 
At low jet speeds and for high liquid viscosities 
the air was not entrained to a great depth in the 
pool. This unfortunate fact makes the setting up of 
the apparatus difficult to ensure no entrained air 
is allowed to leak back into the canopy from which 
the air is being removed. This leakage occurs at 
the hole in the disc through which the jet plunges. 
3.6.3 Correlating the entrainment data 
Unfortunately there appears to be no simple 
correlation whereby the entrainment rate may be 
correlated to the jet properties. Tables 19,20,21, 
show entrainment rates measured for a long 
cylindrical nozzle. There are a number of reasons 
that apparently cause this phenomena to be so 
complicated. 
A primary problem has been already discussed in 
section 3.3. This is that there are two 
controlling forces inducing entrainment. Above 
6,5 cp. the shear between the liquid and the 
PAGE 
NUMBERING 
AS ORIGINAL 
jet controls the entrainment rate whilst below 
_this viscosity 
the roughness of the jet and the 
air boundary layer are the controlling parameters. 
Below 6.5 cp. the rate of air entrainment is 
determined by the stability of the jet. In our 
observations as the viscosity was increased it was 
naturally found that laminar jets were formed at 
higher jet velocities than with water. However, 
particularly for smaller jets, as the velocity was 
increased the jet, after a short length of apparent 
smoothness became very rough. From the discussion 
in section 3.2 this increasing roughness must be 
induced by the relaxation of the steeper velocity 
profile that is found with increasing viscosity. 
The shape of the profile, and its corresponding rate 
of decay when the jet leaves the nozzle are dependent 
on both viscosity and jet diameter. This is where 
the attempt to form a simple correlation collapses as 
the roughness of the jet is dependent on two variables 
which interact. 
8 
3.7 McCarthy's jet roughness correlation for air 
entrainment 
M. J. McCarthy( 
6) 
found that the rate of air 
entrainment is controlled by the roughness of the 
jet. How this is so has been examined in section 
3.3. lie suggested from this fact that the rate of 
entrainment could be correlated with the roughness 
of the jet. 
As the measurements made in this study are for 
slower and rougher jets than McCarthy considered it 
was thought to be useful to examine the validity of 
his model over a different range. 
3.7.1 The roughness correlation 
McCarthy postulated that all the air contained in 
the volume swept out by the jet would be entrained, 
sec fig, 53. 
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Fig. 53 - Volume swept out by jet 
I 
The mechanism whereby this occurs has been proposed 
here in section 3.3. 
From this assumption the rate of Gas entrained can 
be written as: - 
I '- 0 
(8) 
Q9 = air entrainment rate 
Vj = jet velocity 
AE = 
A; 
cross-sectional area of the volume 
swept out by the jet at the pool 
surface 
cross-sectional area of the jet at 
the surface. 
McCarthy found that for jet velocities above 1000 
cm/sec. the value of Aj was the same as the cross- 
sectional area of the nozzle. AE was measured from 
photographs. 
At the pool surface the entrainment rate hence 
becomes: - 
Qg° 4 V; DE D2 
] (88) 
DN nozzle diameter 
DE diameter of volume swept out by jet 
. at the pool surface. 
12, 
Now the jet flowrate, 
2 
Q, = V; Dw 
4 
Q I 9 
Hence the entrainment ratio, 
Q E DE 
D, 
2 
I 
Q, 
(89) 
is :- 
(90) 
It was found by McCarthy that a plot of the 
2 
entrainment ratio against 
DE 
-! for 
Dy 
different nozzles and liquids gave a good straight 
line fit. 
3.7: 2 A modification of McCarthy's correlation to slower 
Jets 
The problem with slow jets is that they are 
significantly accelerated by gravity. At a jet 
velocity of 800 cm/sec the effect of gravity becomes 
very small for the jet lengths considered. 
To simplify, the effect of the drag of air on the 
jet was assumed to be negligible. This is 
reasonable at this range of jet velocity. The energy 
(AN) 
is :- 
Qg 
Q, 
1 L2 
balance over the jet is: - 
2 
ý=`V+2gL 
jet length 
g_ acceleration of gravity 
Continuity considerations give: - 
22 
DE V -- DN Vn 
(91) 
(92) 
Combining equations 87,91 and 92 results in the 
entrainment ratio being: - 
2 
Qg DE (\lv: +2gL 
QI DN Va 
1 (93) 
The jets used in this study were very rough and 
droplets were continually flung from the jet at 
higher jet speeds. These drops were assumed to be 
taking little part in the entrainment process and 
were ignored. 
The measurements of the diameter swept out by the 
jet were carried out using a travelling telescope 
with the jet lit from both sides; side lighting 
makes it possible to'observe the extremities of the 
jet clearly. 
A plot of the sntrair=ent ratio again-st 
12ýC +2gL nv `N is shown in fig. 54, 
and the modified McCarthy correlation fits the 
data well in this low speed jet region. 
This method of calculating the entrainment rate of 
air by purely measuring the jet flowrate and the 
diameter swept out by the jet does provide a 
convenient method of finding air entrainment rates 
without having to directly measure air entrainment 
physically. 
3, a llubblo ponotration dopth 
General observations of bubble clouds formed by air 
entraining jots revealed that the penetration depth 
of the air varies considerably. This variation 
being dependent on the jet speed and the rate of 
ontrainmont. From this fact it becomes apparent 
that it might be possible to estimate entrainment 
rates purely from the penetration depth of jets. 
'this gives a quick method of comparing air entrain- 
ment rates by different jots particularly for the 
canoe whore physical measurement is difficult due to 
low jet velocity or very high entrainment rates. 
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The depth of bubble penetration below the surface 
of the pool was measured with a scale. A problem 
was that the fluctuations in the rate of air 
entrainment resulted in slight fluctuations in the 
depth of penetration. As a result what was measured 
was an approximate mean depth of the cloud of 
bubbles. 
3.8.1 Bubble penetration model 
Fig. 55 The bubble cloud 
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The method of analysis was to carry out a 
differential momentum balance over a section of the 
jet. 
A real problem encountered is to assess how much of 
the liquid in the tank is entrained by the jet. The 
present theory of entrainment by submerged jets is 
inadequate to describe the entrainment of liquid 
around the jet. In fact attempts that were made to 
construct a mathematical model allowing for the 
entrainment of the pool liquid by the jet resulted 
in insoluble non-linear partial differential 
equations. It was therefore decided to simplify the 
model, the large assumption that was therefore made 
was that no pool liquid was entrained by the jet. 
This is obviously more true for low viscosity 
liquids than for high viscosity ones. 
Fig. 56 - An element of the jet 
_A7 
ad 
L ! ý5 
A form of the low of momentum conservation is that: - 
Rate of momentum in - Rate of momentum out = 
Impulse applied to element. 
Rate of momentum in = Q, v i Pý 
Q, = 
v; = 
PI _ 
(94) 
jet volumentric flowrate 
jet velocity 
liquid density 
Rate of momentum out = 
QI V- bVj /, (95) 
Impulse applied to element = Zg Pý - Pg g 
(96) 
Zg= volume of gas in element 
P9 = gas density 
g= acceleration due to 
gravity 
Assuming that the area of gas varies linearly along 
the clement, i. e.. 
Zt =[At, + Ag21 ad 
2 
At= area of gas flow 
ad = length of element 
(97) 
1 2f 
From continuity considerations: - 
Aj=Qg 
V; 
Qg= air entrainaent rate 
and 
Aý2 
-Qs V- av. 
Zg = QE i+1 
2v V-aV 
Iience the momentum balance becomes: - 
PtQVJ_PQ, ýv-av, = 1,9- ýýgQa r2V-ay 
2 LV, [v, - aV, l 
Aa d-, 0, `, - aV -ºV aV, = dVj ad dd 
ltence: - 
Mc Qg g (A - pg 
dd Q, Vi ei 
Intoi; rating: - 
va 
j\dvQ(Pr& dd 
0 Q1 Pi o 
(98) 
(99) 
(loo) 
(101) 
(102) 
(103) 
(104) 
The assumption that the jet stops moving at the 
bottom of the bubble cloud has been with a 
flow follower. 
1 'ý % L 
Qß = y2 Q, 2gd ý"Pg 
0 
For a water system 
(105) 
_P-1 
(1o6) 
A -A 
By plotting against 22 gives an Q 
approximate straight line, see fig. 57. The 
gradient of the line is approximately 0.175, this 
constant is required to allow for the entrainment 
of tank liquid by the jet. The equation for a 
water system for the entrainment ratio is therefore: - 
Qg 
_ 0"175 V2 Q, 2g d 
(107) 
This equation can only be applied to finding an 
approximate value for the rate of air entrainment by 
water jets. However it is useful for the cases where 
it is difficult to physically measure rates of air 
entrainment. 
3.8.2 Stirring effect of an entraining jet 
An interesting application of this model concerns 
the amount of stirring induced in a large tank by 
a plunging jet in a case where experiment would be 
difficult. 
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The problem that was considered was whether 
liquefied methane gas from a liquefier induced any 
stirring effect in a tank approximately one 
hundred foot tall. The liquefier was running at a 
loading of say 2 00 tons/day with a flash of 0.25% 
and the filling pipe has a diameter of 3 inches. 
The ratio between gas and liquid density is 
approximately 610: 1 and specific gravity is 
approximately 0.43. As we have already commented 
there is little stirring effect outside the bubble 
cloud,. particularly beneath it. As the viscosity 
of liquid methane is approximately one fifth that 
of water therefore less tank liquid will be 
entrained than is the case with water, so assuming 
that: - 
Qe 
.. 
V2 
Qý 2gd 
I 
This equation will overpredict the penetration 
depth. 
Given that: - 
Qs 
. 1-5 2 Ql 
and V=5 "2 f t/sec 
lienc e: - d=2-6 in. 
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Therefore the penetration of the liquid jet will at 
an absolute maximum be no more than 2.6 inches and 
therefore have very little stirring effect on the 
liquid stored in the tank. 
I 
I 
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3.9 The hold-up of the bubbles 
k 
Hold-up. is simply the volume of air in the liquid 
pool at any instant. The hold-up and gas inter- 
facial area are useful parameters for the character- 
isation of a gas liquid reactor. They can be 
interelated with the mean bubble diameter on a 
volume basis. 
If 
' Zt D e 
6 
Zs= gas volume 
nZ 
and ae IT ý De 
a, = gas interfacial area 
The relationshop between the gas hold-up, 
(108) 
(109) 
interfacial area and bubble diameter is therefore: - 
Z`= a= 
6 
3.9.1 Calderbanks method of hold-up measurement 
(110) 
Caldorbank(60) measured the pressure within a gasl 
liquid dispersion at different tank depths. Ile 
1i1 
found that by extrapolating. this measured data back 
to air pressure he could predict the level of the 
surface. 
0 
The problem to overcome in measuring the hold-up of 
the bubbles was to find a method of measuring the 
localised nature of the hold-up around the jets. 
Fig. 58 Flow of entrained bubbles 
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If the jet entrained a relatively small quantity of 
air deep into the tank, the level in he tank rises. 
However, if a large quantity of air is entrained not 
very deeply into the tank the level of the water 
rises locally around the jet. This is due, to the' 
local lowering of density. 
3.9.1.1 Modified Calderbank technique 
A cylinder with no base was placed in the tank at 
the point that the jet plunges through the surface. 
The diameter of the cylinder was just greater than 
the diameter the bubbles occupy when rising freely 
in the large tank. In the side of the cylinder 
pressure taps were fitted. It was thought that 
Calderbank's analysis could then be applied to 
predict the level within the cylinder. 
1 33 
Fig. 59 - Modification of Calderbank'_ 
technique 
This method proved totally impracticable as, when no 
air was being entrained, the pressure in the taps was 
found to be dependent on velocity. This is presumably 
due to entrainment of the liquid by the jet imparting 
a radial velocity component. A further problem was 
that the bulk liquid outside the cylinder also rose 
slightly. This technique was therefore abandoned. 
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3.9.1.2 The method adopted to measure hold-up 
It became obvious that to measure the hold-up in 
a large tank it would be necessary to measure the 
total rise in the water level and the local rise. 
3.9.1.2,1 Measurement of rise in tank level 
This measurement was made on the following 
assumptions: - 
(i) That a pressure measurement at the side of 
the tank was only due to the head of water 
above it and there was no interaction with 
any entrained air. 
(ii) The water flows in the tank did not affect 
the pressure measurement. 
ý 
The first assumption is not easily proven but it 
is a reasonable assumption. In these measurements 
no bubbles approached the sides of the tank. 
The second assumption was found to be invalid if 
the pressure tap was close to the liquid surface 
for high entrainment rates. This is due to the 
considerable localised rise in level around the 
135 
jet producing a high flow rate outwards from 
the jet at the surface. It is obvious that 
the pressure tap must be well below the liquid 
surface if there is a considerable radial 
velocity at it. At half the depth of the 
tank a small flow follower showed that there 
was little radial flow. The pressure tapping 
hole was made small and smooth to ensure no 
interference with the flow. The manometer tube 
2 
had a diameter of about 2x 10 cm to avoid 
capillary error. A travelling telescope was 
used to measure the rise in the manometer tube. 
3.9.1.2.2 Localised rise in the tank level 
This is very difficult to measure but was found 
to make up quite a high percentage of the hold-up. 
Several measurement methods were considered. An 
attempt was made to use photography by taking 
three photographs of each entrainment rate. 
However the mound of water varied so much in 
height that three photographs failed to give a 
reasonable mean. This problem was highlighted in 
the case of high entrainment where the fluctuation 
is greater. 
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It is possible that some type of resistance 
probe or light-stopping technique might have 
been feasible. The electronic hardware required 
to develop this sort of system would have been 
41 considerable. 
Therefore it was decided to adopt a considerably 
cruder system cf measuring the volume of water 
contained in this mound. It was observed that 
although the height varied considerably there 
was a mean height that remained constant for 
considerable periods of time: the mound was 
found to periodically pulsate. The stable 
volume of water was measured in height by a 
small probe which just touched the top of the 
mound when it was stable. The height of the 
probe then the measured using a travelling 
telescope focussed on a mark on the probe. The 
measurements made in this way were found to be 
reasonably consistent. The diameter of the 
mound of water was measured by a scale. The 
edges of the mound were easily identified by 
looking along the water surface. Measurements 
made in different directions gave approximately 
the some results. 
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The hold-up was then taken to be the volume of 
wa-tef displaced by the air. The shape was assumed 
to be approximately an oblate spheroid. This shape 
appears to fit quite well to the average profiles 
measured from photographs. 
The volumes of the localised hold-up and the 
displaced volume for the whole tank were then 
summed to give the total volume held below the 
surface at any instance of time. 
From this the mean residence time of the bubbles 
can be calculated. This is a very indeterminate 
typo of mean, but it is used as a parameter in 
gas/liquid oontaotors. 
3,9,2 Bubble size 
Difficulties were encountered in measuring the 
aizo of bubbles formed out of the entrained air. 
Burgess 
(61), 
in experiments using a plunging jet 
with a sodium hydroxide system and carbon dioxide 
as the entrained gas, noted fron photographs that 
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rough jets gave a large size distribution of 
bubble sizes. In his observations very large 
bubbles were seen breaking away from the jet` but, 
as the carbon dioxide was reacting quickly and 
disappearing, no measurements were possible. 
Observations of water systems used in this study 
only partially verified these findings. For jet 
velocities of between 400 and 1200 cm/sec, very 
large bubbles were occasionally observed breaking 
off the pulsating envelope of entrained air see 
fig. 60. 
Fig. 60 - The formation of large bubbles 
i 
possible large bubbles 
139 
These bubbles appeared to be produced very 
irregularly, certainly not with the regularity 
obtained in Burgess' photographs, and no photo- 
graphs have been obtained of them in this study. 
A possible explanation of this discrepancy may 
be found in the different liquids used in the 
two studies. In the tank of sodium hydroxide 
little flow is induced except towards the jet as 
all the bubbles are reacted and hence disappear. 
In the water system a large number of bubbles 
rise quickly around the entrained air envelope 
and there will be quite a high turbulence level 
from these flows at the interface of the envelope 
which will tend to destroy large bubbles. 
.l 
Duo to the large mass of bubbles being entrained 
it is almost impossible to measure a bubble size 
distribution. However at very low entrainment 
rates some measurements of bubble size were 
possible. At high entrainment rates a few 
measurements were taken from photographs where 
the bubbles were clearly seen. 
An approximation had to be made with respect to 
the bubble shape. A few bubbles were quite 
irregular but the majority were spheroidal. It 
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was assumed that the bubble shape could be 
described by the equation for an oblate spheroid. 
0 Db-- ab ' (llz) 
where b= horizontal axis 
a= vertical axis 
No bubble coalescence was observed in this study. 
The air is entrained as short thin cylindrical 
sheets which are carried to varying depths below 
the surface before collapsing. Bubbles are 
formed from the physical tearing apart of the 
sheet probably due to the turbulence produced by 
the jet, it is also an unstable shape. It is 
probable that a major criteria would be the 
thickness of the sheet. The bubbles will 
obviously be smaller if there is less air 
available for bubble formation. 
The rough jets considered in this study had 
bubbles of varying size. It was found from 
observation that larger bubbles tended to rise 
closer to the jet whilst smaller bubbles due to 
lower buoyancy, were carried further away from 
the jet. Measurements of bubble size are 
therefore difficult and possibly misleading. 
I -et 1 
Using Calderbanks(62) systematic grid method of 
estimating mean bubble diameter, on a volume 
basis, the bubble diameter varied from 0.35 cm 
to 0.4 cm. However the confidence that can be 
placed on these diameter measurements is little 
due to the poor quality of the photographs 
available of the bubbles. It was attempted to 
slice through the bubbles visually by passing 
a strong slit of light through the bubble foam. 
Due to the reflective and transmission properties 
of bubbles this technique does not work as it 
does with particles. All that is observed from 
the photographs is flashing points of light. 
3.9.3 Hold-up and residence time results 
The results of measurements on these parameters 
are shown in figure 
63,64 and 63 for 
the mean residence time of bubbles. The mean 
residence time of the bubbles is found to vary 
from 0.3 to 1.4 seconds in this study. 
The development of a method of measurement of 
hold-up in a large tank can be usefully applied 
to mass transfer measurements of the phenomena 
when the transfer characteristics of the system 
have been satisfactorily established. 
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3.10 Mass transfer by a plunging jet not entraining air 
If the jet does not entrain air the pool 
remains very smooth. Measurements of the mass 
transfer of carbon dioxide into a water pool have 
been made for this by E. Swiggett 
(63) 
We will 
use his results here to estimate the surface flow 
from his results. 
3.10.1 Tank. flow patterns 
Fit;. 64 - The tank flow pattern due to the jet 
ý, 
yý 
ýý 
L 
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The flow patterns in the tank were observed 
visually using a flow follower. The flow follower 
was made from cork loaded with metal until it had 
a similar density to the tank liquid. The flow 
that the jet induces in the tank is of a simple 
recirculatory type as shown in fig. 64. 
As seen in the figure, the mixing in the tank 
chiefly occurs at and below the plunging point of 
the jet. The velocities upwards at the sides of 
the tank are relatively low. The flow at the 
water surface is smooth and accelerating towards 
the jet plunging point. This was determined by 
sprinkling talc on the surface of the water. 
3.10.2 Mass transfer through the pool surface 
The flow at the surface towards the jet plunging 
point is relatively slow. Resulting from this the 
gas concentration in the surface layer of the pool 
will be high with a consequent lowering in the mass 
transfer driving force. The absorbed gas will only 
be mixed with the tank liquid when the surface 
layer is carried by the jet down into the bulk 
liquid. 
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The diffusion of gas to a surface element is 
described by the equation: - 
ac 
- DäC at _ C) 
D= Diffusion coefficient 
c= Gas concentration 
The boundary conditions are: - 
t=O, O<Y<°09 C=Cb 
Cb= bulk concentration 
y=U+C-Ce 
Cc= equilibrium concentration 
t>0, Y -. oo, C=Cb 
(112 ) 
This problem has boon solved by Higbie(64) who 
ahowod that: - 
(113) N, =2 
[n 
tý 
N, = mass flux/unit area 
tc= contact time 
1 -cl 5 
The assumption is then made that the tank is well 
mixed. This is true for the results presented by 
Swiggett where the tank is small. Then carrying 
out a mass balance around the tank: - 
aOx'lý 
ý-cb] 
- Q, cb=Z do, dt (iiu) 
where a= interfacial area 
KI= mass transfer coefficient 
Q, = jet flow rate and withdrawal 
rate from the tank 
Z= tank volume 
The boundary conditions are: - 
t=o c=o 
t=tC= Cb 
This equation is solved to give the bulk 
concentration as: - 
Cý- K, a c. 1- exP - Q, +K, a (115) 
Q, +K, a Z 
where K, =2 
k 
4 
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Using a value of D=1.96 x 10 -5 cm/sec. 
quoted by Dankwerts 
(65) 
for the absorption of 
carbon dioxide in water the calculated time for 
0 
an element to travel from the edge of the tank 
used by Swiggett is shown in fig. 65. The 
residence time at the surface is seen to be long 
in comparison with the bubble residence time in 
an entraining jet of 0.3 to 1.2 sec. measured in 
this present study. The mass transfer from the 
bubbles will be therefore considerably more 
effective per unit area than that through the 
pool surface. 
When entrainment commences the surface mass 
transfer will be similar to that considered above. 
However as the entrainment rate is increased the 
low local density around the jet forms a mound 
around the jot. Water then rushes outwards from 
the jot causing high surface turbulence and will 
obviously induce considerably higher surface mass 
transfer rates. The flow pattern in the tank 
changes when this occurs. This has been observed 
again by the use of a flow follower as illustrated 
in fig. 66. 
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3.10.3 Maas transfer by an air-entraining jet 
Durgosa(G1) has measured mass transfer rates using 
the bicarbonate - carbonate buffer solution 
reaction with carbon dioxide for jet entrainment. 
Their results encourage further investigation of 
the entraining jet as a jet reactor. However the 
1 1t 3 
vessel they used was small and the transfer of mass 
into a large tank still requires investigation where 
the stirring of the tank begins to assume importance. 
0 
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3.11 Conclusion 
The study of air entrainment by plunging jets 
has been found to be a highly complex phenomenon. 
We believe this work takes some steps towards 
rationalising some of the difficulties. The 
conclusions of our work are as follows: - 
a) We have proposed that air entrained into a 
pool is a consequence of the momentum changes 
in the tank liquid and air boundary layer 
around the jet. 
Based on this a model has been derived which 
satisfactorily predicts the effect of jet 
variables on minimum jet entrainment velocities. 
b) We also propose that laminar and turbulent 
entrainment have essentially the same causes. 
We then derived a model correlating jet 
roughness with the minimum jet entrainment 
velocity. 
This model has been developed further to predict 
entrainment rates by high speed smooth jets. It 
eventually becomes similar to Szekelys' model 
which was found to have an error in its 
derivation which caused it to be dismissed by 
McCarthy. 
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c) We have discussed methods of measuring 
entrainment rates and correlated our data for 
long cylindrical nozzles. We have showed that 
for these nozzles the inlet roughness, nozzle 
roughness and pupp vibrations do not have 
highly significant effects on entrainment 
rates. 
d) The measurement of air entrainment rates for 
viscous jets have been made. 
e) The correlation developed by McCarthy relating 
jet roughness to the rate of entrainment has 
been confirmed and extended to lower jet 
velocities. 
f) A simple model has been developed relating the 
air entrainment rate with the depth of 
penetration of the entraining jet into the 
pool. 
g) The measurement of the variables characterising 
the effectiveness of the entrained air as a 
contacting process has been discussed. 
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3.11.1 Suggestions for further work 
The scope of possibilities for further study would 
appear to be very large. This study and other 
contempary studies notably those of McCarthy and 
of Sande have only begun to understand the subject. 
The following lines of approach would appear to be 
fruitful. 
aý The models proposed here for minimum entrainment 
velocities and for air entrainment rates are 
possibly open to refinement and further 
experimental evaluation. 
b) The prediction of the entrainment by 
turbulent jets will not become more reliable 
until the analysis of the structure of turbulent 
jets becomes considerably more advanced. 
PITP.. U 
. J. 
c) Correlation of entrainment rates for liquids 
of varying viscosity, density and surface 
tension requires examination. 
d) The effectiveness of the plunging jet as a gas/ 
liquid contactor requires evaluation in detail. 
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eý The model proposed here for relating air 
entrainment rates with the jet penetration 
decth may possibly be improved. A means of 
estimating the tank entrainment is necessary 
r 
for this to be feasible. 
fý The study of entrainment rates by viscous jets 
above 10 cp would be of interest. This is a 
problem of predicting the stability of the 
growing gas annulus around the plunging jet. 
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4. CONCLUSIONS 
This study has attempted to look at the impact of 
liquids on liquid surfaces from an experimental and 
theoretical position. 
From photographic evidence the processes involved 
during the splash of a drop have been described in 
'detail. Models of the splash have also been 
examined against experimental data. 
The entrainment of air resulting from a splash has 
been explained here as resulting from the same forces 
as air entrainment by a plunging jet. Models have 
been proposed, based on this suggested mechanism, and 
these tested against published experimental data. 
Measurement of the rate of air entrainment, air hold- 
up, jot roughness and depth of entrainment have also 
boon made. The data for air entrainment rates 
for a plunging jet has been correlated as a function 
of the jot properties. The jet roughness model has 
boon tested against our data and a model derived 
describing entrainment rates as a function of the 
penetration depth of the bubbles. 
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APPENDIX A 
Calculation of splash kinetic energy 
A. 1 Engel's solution of the Laplace equation 
The solution proposed by 0. Engel 
(15b) 
for the 
Laplace equation in spherical co-ordinates is: - 
sp = AR cos e 
r 
(1) 
A=a constant 
R =cavity depth 
The Laplace equation in spherical co-ordinates is: - 
a r2av 1 sine av 57 ar sine 60 210 
(2) 
substituting equation (1) in equation (2) gives: - 
2AR cos e= 0 (3) - 
r 
This equality is not true and hence it can be seen 
that equation (l) is not a valid solution to the 
Laplace equation in a spherical co-ordinate system. 
It is in fact a solution of the Laplace equation in 
cylindrical co-ordinates. 
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A. 2 Solution of the Laplace equation 
The solution of the equation is assumed to be of the 
-form: - 
;p =f[r]g[e] (4) 
This is substituted into equation (2) and the 
variables are separated which results in the 
following two equations: - 
r2 fe +2rf= 'g~+Coto g' 
11 411 (5) 
S 
l 
where 1[1+1] is the separation constant. 
The first of these equations can be solved to give 
e Solution of the form: - 
f=Ar1+Br"l (6) 
Tho second of the equations is solved using 
Frobenius's method which gives: - 
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g_APiH +BQ, 
[m] 
(7) 
The series Q1[M] is invariably unreasonable on 
physical grounds and is therefore neglected. 
Combining (6) and (7) gives the solution to the 
Laplace equation: - 
m 
v=E 
[A1r1+B1f11] Pl[cose] 
1=0 
where values of I are integers. 
(8) 
The terms of the polynomial P1[COS0]can be easily 
found from Rodrigues formula: - 
pn [X]. = ýd 
nxz- ý 
2"nldxT 
n 
(9) 
A, 3 Solutions of the form, puf[r]COSO 
Presumably the reason for Engel proposing a solution 
of this type is to allow for tangential flow at the 
cavity wall to produce the wave that is thrown up 
around the splash cavity. The difficulty which does 
arise from this form of equation is that at the pool 
surface no radial growth of the cavity is allowed 
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for. The model is therefore a quasi-static one 
of a hemisphere of increasing diameter travelling 
through a liquid with successive steady state flows 
around the hemisphere. 
A further difficulty with this form of solution is 
that the calculated liquid displacement by the 
cavity does not obey the mass conservation law 
throughout the liquid. The solution proposed by 
Engel suffers from this problem in addition to 
being an invalid solution. 
The rate of mass displacement at a cavity radius 
R Crowing at a rate dR is : - 
dt 
Rate of displacement = 27TR2d 
dt (io) 
The solution used by Engel gives the tangential 
velocity at the surface, where O= 900, as. -- 
R! dRsine 
Fdt (11) 
Mass flow across the surface at d= 90o is: - 
00 
rtaaa flow 
R2 
Trr Vedr (ýz) 
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Flowrate = 2rrR2 dR 
t 
)In[! ] (1,3) 
d 
K 
Equations (10) and (13) are not equivalent and 
therefore mass is not conserved using the solution 
expressed in equation (1). 
Using the solution of the Laplace equation when 
n= 1 in equation (9) gives: - 
jp = 
Let A 
A cose 
r2 
=R=dR dt 
The velocity at 0z90° becomes: - 
ve_ R= dR 
d 2r' t 
(1i) 
(15) 
(16) 
4 
Again using equation (12) the velocity at the 
surface datum is found to be: - 
Masa flow =2rrR2dR (17) vit-I 
Comparing equations (17) and (10) shows that this 
solution does satisfy the mass conservation law at 
these positions in the pool. However the solution 
fails at the surface of the cavity. From equation 
(14) and (15) the radial and tangential velocities 
dt 
159 
are: - 
V=R=cose dR (18) r 2r' dt 
and 
V= R=sin e dR 02 r3 dt 
I 
(19) 
If V is the liquid velocity at any point on the 
expanding cavity surface and V=dR 
" dt 
then V2= Vi +Vs 
" dR 
2I 
dR 
2 ('1 + sine] 
""_TL dt dt 
(20) 
(21) 
This statement is obviously untrue except when 
0 90. 6 
Therefore the mass conservation law is again 
contravened. 
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A. 4 Solution of the form 
A 
As solutions of the form f[r]COS9 appear to be 
unsatisfactory it was decided to use the solution 
9=A This solution is that of an expanding 
hemisphere with no tangential flow. Because 
tangential flow is not described by this solution 
the wave around the cavity is neglected, this is 
also convenient as there is at present no under- 
standing of the dynamic behaviour of the wave. The 
use of this solution therefore results in the 
kinetic energy in the liquid being overpredicted at 
any instant of time. Examination of figures 
shows that this is indeed so as the calculated 
growth of the cavity is slightly lower than that 
measured experimentally. 
A. 5 Kinetic energy in liquid 
If the solution for the potential is: - 
V. A r 
(22) 
A boundary condition is that at r=R, V, = dR dt 
? 
ý= RR 
r dt 
(23) 
I 
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The kinetic energy of a wave is given by(25): _ 
ff `fir] dS (24) 
Integrating over the cavity surface gives: - 
2 
T, = 7rP R' dR dt 
(25) 
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APPENDIX B 
Experimental methods 
In this appendix it is*endeavoured to explain the 
experimental procedures and equipment that are not 
detailed elsewhere. 
13.1 Splash of a drop 
1 
The high speed cine photographs of splashes were 
taken with a camera capable of speeds up to 8,000 
frames/sec. The subject was lit from the rear using 
a 2KW quartz-iodide lamp shining on to a screen of 
tracing paper to give a diffuse back lighting. 
As the splash occurs within a very short time 
interval and the camera runs for approximately a 
quarter of a second the camera required automatic 
initiation. This was achieved by using a facet of 
the camera that when a circuit was closed the 
camera motor was set into action. The obvious 
choice of methods to achieve this was the breaking 
of a light path by a falling drop. An aluminium 
box was arranged as in. fig. 67 so that it was 
divided in two with a metal cylinder at its centre. 
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i 
Fig. 67 High speed caciera initiation system. 
A perspex rod was fitted into one side of the 
cylinder and a hole drilled in the opposite side 
of the cylinder. Light shone through the perspex 
rod and was picked up by a photocell. If a drop 
then falls in front of the perspex rod the light 
concentration observed by the photocell is 
considerably diminished. The perspex rod was 
found necessary so that the light travelling across 
the cylindrical tube was fairly parallel. 
The electrical circuit to which the photocell was 
part of is shown in fig. 67 . This was arranged 
so that a change in the light intensity seen by 
the photocell resulted in a switch being closed 
completing a circuit with the camera with the 
resultant start of the camera. 
D. 2 Measurement of rate of entrainment 
The rate at which air is entrained by a plunging 
jot was metered by a rotary displacement meter 
which over the flow range we were measuring had a 
very small pressure drop. The meter calibration 
was checked by displacing a known volume of air 
through it. - This was simply achieved by filling a 
closed vessel with water and passing the air 
leaving the vessel through the meter. 
i64 
II. 3 Rotameter calibration 
The flowrate of the jets produced by various 
nozzles was metered using three different rota- 
meters. The rotameters were calibrated for water 
and water/glycerol mixtures of varying compositions 
and consequently of varying viscosity. The 
calibration was. carried out by the normal method of 
volume measurements of the liquid delivered in a 
certain time. The liquid being collected in a 
bucket and time being measured with a stopwatch. 
For the glycerol/water mixtures the temperature of 
the liquid required to be continuously measured as 
viscosity is highly temperature dependant in this 
case. 
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APPENDIX C 
Entrainment by a smooth jet 
I 
The model of entrainment by a smooth jet was 
derived by Szekely(3). However due to an error 
in the derivation the model has tended to be 
dismissed by other workers as it overpredicts 
results. 
In this study we have established the range of 
applicability of this model for high speed smooth 
jots. Within this range it was found that 
solution for the displacement Lighthills, 
ý7' 
thickness along a cylinder could not be applied as 
the boundary layer is very thin. The solution for 
the displacement thickness for a flow along a flat 
plate is: - 
1 
:, = 1"73 µý L 
ývl 
as 
(1) 
Now if all the air displaced by the jet is 
entrained, we find that: - 
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22 
Qg= rrV CD; + D; ( z) 
4 
. 
Qc 4 3ýýL +] "73 Dý µý L 
oýs 
' Q, D; pgV PgV (3) 
This compares with Szekeley's derivation: - 
QE 
Q, 
4 31A¢L + 1-73D ýgL ý 
'p-2 
V, 7v 
0"S 
4 
(4) 
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APPENDIX E 
Nomenclature 
Section 2 
i 
R= Cavity depth 
S= Surface area 
T= Kinetic energy 
U= Potential energy 
V= Drop impact velocity 
aa Radius 
g= Acceleration due to gravity 
ba Combined height of cylindrical film 
and wave 
a Cylindrical co-ordinates 
ma Mass 
X ý 
R 
r 
Surface tension 
P Density 
Velocity potential 
Stream function 
subscripts: - 
D = drop after impact 
173 
1= Cavity energy 
2= Wave energy 
3= Surface energy 
Section I 
0.. 
s 
AQ = Cross-sectional area of the volume swept 
out by the jet at the pool surface 
Aj = Cross-sectional area of the jet at the 
pool surface 
Ae = Area of gas flow 
D= Diffusion coefficient 
Db = Bubble diameter 
Do = Diameter of the volume swept out by the 
jot at the pool surface 
Nozzle diameter 
n 
D1 = Minimum jet diameter 
D2 Maximum jet diameter 
vý = Jot diameter 
F` = Force 
L= Jot length 
Li = Inlet length 
N=n Mass flux/unit area 
Q Volumetric flowrate of air entrainment 
Q1 = Liquid volumetric flowrate 
11-4 
Re _ Reynolds number 
Ve = Minimum jet velocity to induce entrainment 
Vj = Jet velocity 
V. 
n = 
Jet nozzle velocity 
X Distance from jet impingement point 
Z- Gas volume 
G 
a= Vertical axis 
a= Interfacial area 
e 
b= Horizontal axis 
c= Concentration 
cb = Bulk concentration 
ce = Equilibrium concentration 
d= Depth in pool 
C= Acceleration due to gravity 
t= Time 
ta Contact time 
c 
7= Surface tension 
52 
V, 
= Annulus width 
= Displacement thickness 
= Momentum thickness 
= Stream function 
= Liquid density 
Pý = Gas density 
Liquid viscosity 
ý, ý = Gas viscosity 
1i5 
TABLE 1 
Weight of drop fall =1-94 cm 
Drop mass = 0.102 gm- 
Impact velocity = 438 cm/sec. 
Time Cavity Cavity Cylinder Bubble 
elapsed height width height 
height 
m sec cm cm cm cm 
0.00 0.0954 0.939 0.310 Total 
o. 36 0.175 1.0142 0.414 
0.69 0.215 1.114 0.2147 0.318 
1.03 0.286 1.23 0.239 0.414 
1.38 0.334 1.265 0.256 0.445 
1.72 0.422 1.336 0.266 0.469 
2.07 0.469 1.408 0.270 0.557 
2.41 0.541 1.448 0.310 0.541 
2.80 0.565 1.575 0.310 0.557 
3.10 0.660 1.591 0.286 0.620 
3.45 0.716 1.647 0.302 0.620 
3.79 0.740 1.694 0.294 0.676 
4.14 0.819 1.710 0.326 0.700 
4.88 0.867 1.830 0.334 0.716 
5.52 0.915 1.885 0.382 0.780 
6.21 1.002 1.949 0.398 0.748 
6.90 1.010 1.989 0.406 0.796 
7.59 1.082 2.029 0.398 0.796 
8.28 1.146 2.108 0.398 0.835 
8.97 1.169 2.204 0. -430 0.851 
9.65 1,209 2.243 0.4613 0.859 
1.0.314 1.257 2.307 0.4613 0.891 
11.03 1.257 2.347 0.4613 . 0.907 
11.72 1.297 2.402 0.469 0.907 
12.41 1.336 2.450 0.477 0.891 
13.10 1.366 2.466 0.493 0.923 
13.79 1.376 2.442 0.493 0.994 
14.48 1.400 2.546 0.493 0.947 
15.17 1.440 2.601 0.501 1.026 
15.86 1.448 2.562 0,517 0.978 
Cont'd.. 
TABLE 1 Continued 
Time Cavity Cavity Cylinder Bubble 
elapsed height width height height 
m sec cm cm cm cm 
16.55 1.446 2.650 0.509 0.971 
17.24 1.48o 2.681 0.509 0.970 
17.93 1.496 2.721 0.509 0.986 
18.62 1.511 2.721 o. 541 o. 986 
19.31 1.527 2.784 0.549 0.994 
20.00 1.511 2.792 0.557 0.971 
21.38 1.551 2.864 0.525 0.986 
22.07 1.567 2.864 0.533 0.971 
22.76 1.551 2.904 0.581 0.978 
23.79 1.551 2.840 0.613 1.510 
24.83 1.551 2.943 0.573 0.311 
25.86 1.551 3.963 0.573 0.955 
26.89 1.543 3.055 0.573 0.859 
27.93 1.551 3.142 0.557 0.875 
29.31 1.551 2.102 0.565 0.843 
30.69 1.551 3.142 0.565 0.748 
32.07 1.519 3.142 0.573 0.788 
33.45 1.1188 3.182 0.517 0.724 
34.83 1.472 3.222 0.573 0.700 
36.27 1.432 3.301 0.517 0.605 
37.58 1.3762 3.411 0.549 0.541 
38.96 1.313 3.421 0.549 0.589 
40.34 1.289 3.421 0.501 0.581 
111.72 1.265 3.421 0.501 0.422 
113.10 1.513 3.500 0.485 0.438 
44 , 48 1.146 3.421 0.493 0.453 45.86 1.146 3.500 0.477- 0.438 
47.24 1.042 3.580 0.400 . 0.400 48.62 0.994 3.580 0.400 0.400 
50.00 0.875 3.500 0.715 
51.38 0.875 3.620 0.652 
52.7 5 0.811 3.620 0.600 
TADLE 2 
Height of drop fall = 124 cm 
Drop mass = 0.0289 gm. 
Drop velocity = 410 cm/sec. 
Time Cavity Cavity Cylinder Bubble 
elapsed height width height height 
m sec cm cm cm cm 
0.0886 0.195 0.239 
0.69 0.222 0.222 0.381 
1.38 0.343 0.963 0.211 0.290 
2.07 0.462 1.095 0.224 0.330 
2.78 0.528 1.174 0.264 0.330 
4.14 0.633 1.425 0.303 0.369 
5.52 0.725 1.385 0.330 0.369 
6.90 0.791 1.477 0.356 0.369 
8.28 0.857 1.583 0.356 0.369 
9.65 0.929 0.649 0.370 0.369 
11.03 0.936 1.741 0.396 0.350 
12.41 0.963 1.780 0.435 0.369 
13.79 0.989 1.833 0.422 0.350 
15.17 1.029 1.886 
16.55 1.029 1.938 0.765 
17.73 1.055 1.952 0.7386 
19.31 1.042 1.992 0.752 
20.69 1.055 2.005 0.712 
22.07 1.042 2.044 0.673 
23.45 1.029 2.084 0.673 
216.83 0.002 2.097 0.58 0 
26.2 1 0.963 2.097 0.607 
27.58 0.936 2.110 0.528 
28.96 0.897 2.084 0.488. 
30.34 0.950 2.242 0.462 
31.72 0.857 2.137 0.501 
33.10 0.765 2.163 
34.48 0.712 2.137 
35.86 0.725 2.176 
37.24 o. 66o 2.097 
38.62 0.580 1.992 
TABLE j 
Height of drop fall = 124 cm 
Drop mass = 0.0895 9T". 
Drop velocity = 465 cm/sec. 
Time Cavity Cavity Cylinder Bubble 
elapsed height width height height 
m sec cm cm cm cm 
0.0924 0.911 0.199 0.142 
0.69 0,249 1.067 0.213 0.327 
1.72 0.470 1.323 0.277 0.448 
3.10 0.712 1.551 0.334 0.562 
4.48 0.889 1.73-6 0.398 0.612 
5.86 1.025 1.850 0.41 0.655 
7.24 1.110 "2.006 o. 441 0.697 
7.93 1.1+6 2.099 0,441 0.726 
9.31 1.195 2.163 o. 441 0.740 
10.69 1.281 2,263 0.470 0.754 
12.07 1.366 2.362 0.555 0.811 
13.45 1.380 2.448 0.541 0.811 
14.83 1.423 2.519 0.541 0.811 
16.21 1.480 2.561 0.541 0.811 
17.59 1.480 2.633 0.598 0.797 
18.27 1.523 2.775 0.598 0.797 
19.65 1.508 2.761 0.555 0.783 
21.03 1.523 2.917 o. 541 0.768 
22.41 1.523 0.598 0.712 
23.79 1.508 0.598 0.683 
25.17 1.491+ 0.655 0.669 
26.55 1.537 0.655 0.555 
27.93 1.494 0.598 0.541 
29.31 1.466 0; 612 0.541 
30.69 1.451 0.612 0.484 
32.07 1.395 
33.1+5 1.1423 
TABLE 4 
Height of drop fall - 217 cm 
Drop mass = 0.1105 gm. 
Drop velocity - 510 cm/sec. 
Time Cavity Cavity Cylinder Bubble 
elapsed height width height height 
m sec cm cm cm cm 
_ 0.354 0.572 0.29 
0.57 o. 166 1.123 0.270 0.354 
0.86 0.218 1.237 0.250 0.437 
1.49 0.385 1.352 0.333 0.478 
2,00 0.489 1.518 0.374 0.624 
2.57 o. 645 1.622 0. j95 0.686 
3.43 0.749 1.789 0.437 0.749 
4.29 0.874 1.872 0.478 0.853 
5.43 0.957 2.038 0.499 0.874 
6.57 1.061 2.122 0.562 0.915 
7,71 1.144 2.226 0.582 0.978 
8.86 1.206 2.392 0.562 1.019 
10.00 1.248 2.434 0.582 1.082 
11.14 1.331 2.558 0.645 1.144 
12.29 1.394 2.642 0.645 1.102 
13.43 1.414 2.683 0.603 1.144 
14.57 1.456 2.766 0.624 1.144 
15.71 1.498 2.829 0.686 1.144 
16.85 1.1198 2.870 0.707 1.144 
18.00 1.518 2.912 0.686 1.123 
19.111 1.560 2.995 0.707 1.144 
20.29 1.602 3.016 0.728 " 1.186 
21.43 1.560 3.099 0.728 1.227 
22.57 1.602 3.141 0.728 1.123 
23.71 1.602 3.141 0.728 1.444 
211.86 1.581 3.182 0.749 1. o61 
26.00 1.622 3.203 0.728 1.102 
27.111 1.581 3.203 0.770 1.061 
28.28 1.602 3.307 0.728 1. o61 
29.113 1.643 3.286 0.728 1.019 
ContI d... 
TABLE 4 Continued 
Time Cavity Cavity Cylinder Bubble 
elapsed height width height height 
m sec cm cm. cm cm 
30.57 1.560 3.390 0.728 0.998 
32.28 1.498 3.390 0.728 0.957 
34.00 1.518 3.453 0.749 0.998 
35.71 1.581 3.474 0.749 0.936 
37.43 1.540 3.557 0.728 0.915 
39.14 1.414 3.536 0.728 0,832 
40.86 1.414 3.578 0.686 0,874 
42.57 1.331 3.598 0.770 0.770 
44.28 1.290 3,604 0.686 0.749 
46.00 1.206 3.682 0.728 0.728 
47.71 1.165 3.702 0.686 0.645 
49,43 1. o40 3.723 1.165 
51.14 0.978 3.723 1.248 
52.86 0.915 3.774 1.082 
54.57 0.832 3.723 0.998 
56.29 0.770 3.786 0.957 
J 
TABLE 5 
Time 
elapsed 
m sec 
0.28 
0.57 
0.83 
1.39 
2.22 
: 3. o6 
1+ . 17 
5.28 
6.39 
7.78 
9.45 
11.11 
12 . 78 
14.45 
16.11 
17.78 
19.1+5 
21.11 
22.78 
24.45 
26.11 
Height of drop fall = 217 cm 
Drop mass = 0.0883 G71" 
Drop velocity = 536 cm /sec. 
Cavity 
height 
cm 
Cavity Cylinder 
width height 
cm cm 
Bubble 
height 
cm 
o. io6 
0.255 
o. 467 
0.615 
0.785 
0.870 
0.776 
1.082 
1.1145 
1.251 
1.293 
1.379 
1.357 
1.273 
1.485 
1.5o6 
1.506 
1.1+8,5 
1.485 
1.273 0.191 
1.209 0.2121 
1.421 0,318 
1.485 0.382 
1.697 0.392 
1.760 0.392 
1.888 0.467 
2.057 0.488 
2.163 0.573 
2.333 0.551 
2.439 0.573 
2.524 0.573 
2. -566 o. 615 
2.651 o. 615 
2.757 0.573 
2.779 0.658 
2.863 0.593 
2.885 0.636 
2.906 o. 6i5 
0.233 
0.382 
0.254 
0.445 
0.583 
0.848 
0.764 
0.827 
0.912 
1.018 
1.082 
1.103 
1.103 
1. o61 
1.061 
1.039 
1.039 
1.061 
0.912 
0.976 
0.891 
J 
TABLE 6 
Time 
elapsed 
m sec 
Height of drop fall - 217 cm 
Drop mass = 0.02755 gm- 
Drop velocity = 527 cm/sec. 
Cavity 
height 
cm 
Cavity 
width 
cm 
Cylinder Bubble 
height height 
cm " cm 
0.260 
0.54 
1.62 
2.70 
3.78 
4.87 
6.22 
7.84 
9.73 
11.89 
13.52 
15.14 
16.76 
18.92 
20.54 
22.17 
23.79 
25.4 
28.65 
0.195 
0.411 
0.563 
0.692 
0.757 
0.822 
0.909 
0.952 
1.017 
1.039 
1.082 
1.125 
1,125 
1.032 
1.032 
1.082 
1. o6o 
0.995 
0.801 
1.017 
1.190 
1.277 
1.450 
1.515 
1.645 
1.774 
1.904 
1.991 
1.991 
2.034 
2.099 
2.164 
2.164 
2.207 
2.229 
2.337 
0.216 
0.260 
0.325 
0.368 
0.368 
0.390 
o. 41i 
0.454 
0.476 
0.454 
0.498 
0.519 
0.433 
0.801 
0.801 
0.260 
0,411 
0.476 
0.498 
0.519 
0.519 
0.519 
0,498 
o. 454 
0,454 
0.368 
0.325 
0.390 
0.779 
0.736 
TABLE 7 
Time 
olopsed 
m sec 
0.51 
1.28 
2.31 
3.33 
5.38 
7. h4 
8.97 
10.51 
11.56 
13.61 
15.67 
17.72 
19.77 
21.82 
23.87 
25.92 
28.1+9 
. Height of drop fall 286 cm 
Drop mass = 0.0223 gm 
Drop velocity = 590 cm/sec. 
Cavity 
height 
cm 
o. 166 
0.333 
0.499 
0.634 
0.790 
0.874 
0.915 
0.957 
0.998 
0.998 
1. o4o 
i. o61 
1.071 
i. o61 
1. o61 
1.019 
0.998 
0.936 
Cavity 
width 
cm 
Cylinder 
height 
cm 
0.374 
0.354 
0.395 
0.395 
0.437 
0.478 
0.458 
0.458 
0.499 
0.520 
0.520 
0.499 
0,478 
0.520 
Bubble 
height 
cm. 
0.770 
0.936 
1.082 
1.331 
1.539 
1.622 
1.762 
1.810 
1.893 
1.976 
2.038 
2.080 
2.122 
2.142 
2.184 
'2.226 
2.246 
2.267 
0.520 
0.374 
0.541 
0.562 
o. 614 
0.541 
0.603 
0.582 
0.603 
0.541 
0.437 
0.437 
0.437 
0.395 
0.333 
1.019 
0.894 
TABLE 8 
Air entrainment by a water jet 
Nozzle is a cylindrical drawn steel tube. 
Jet diameter = 0.894 cm. 
Jet Length Jet 5lowrate Air entrSinment Entrainment Pump 
cm. cm sec. rate cm /sec. ' ratio Number 
10 82.5 0.6 0.007 1 
113.3 19.5 0.172 1 
145.8 39.4 0.27 1 
179.1 65.2 0.364 1 
210.4 93.6 0.445 1 
251.6 116.0 0.461 1 
292.0 147.0 0.503 2 
330.0 195.0 0 592 2 
377.0 208.0 0.552 2 
410.0 224.0 0.506 2 
441.0 270.0 0.612 2 
490.0 368.0 0.75 2 
550.0 449.0 0.816 2 
20 96.2 9.2 0.096 11 
113.3 24.8 0.219 1 
145.8 54.1 0.371 1 
179.1 95.0 0.53 1 
210.4 130.3 0.619 1 
251.6 140.5 0.558 1 
290.0 199.0 0.686 2 
340.0 257.0 0.757 2 
393.0 298.0 0.759 2 
431.0 386.0 0.896 2 
488.0 518.0 1.06 2 
550.0 585.0 1.06 2 
30 82.5 2.8 0.034 1 
113.3 38.2 0.338 1 
145.8 70.2 0.481 1 
179.1 113.3 0.632 1 
210.4 170.7.0.811 1 
251.6 229.0 0.91 1 
313.0 260.0 0.83 2 
346.0 348.0 1.006 2 
390.0 393.0 1.008 2 
Conttd. 
0 
L 
TADLE 8 Cont'd 
Jet Length Jet lowrate Air ent5ainment Entrainment Pump 
cm. cm sec. rate cm /sec. ratio '. Number 
40 82.5 38.0 0.46 1 
113.0 51.0 0.451 1 
146. o 91.0 0.623 1 
179.0 148.0 0.827 1 
210.0 209.0 0.995 1 
252.0 261.0 1.036 1 
357.0 391.0 1.094 2 
393.0 469.0 1.193 2 
440.0 545. o 2 
490.0 66i. o 2 
50 118.0 83.0 0.703 1 
192.0 200.0 1.04 1 
275.0 332.0 1.207 1 
291.0 482.0 1.66 1 
78 167.0 210.0 1.26 1 
291.0 509.0 1.75 1 
} 
TABLE 9 
Air entrainment by a water jet 
Nozzle is a cylindrical drawn steel tube. 
Jet diameter = 0.766 cm. 
Jet Length Jet 5lowrate Air entrainment Entrainment Pump 
cme cm /sec. cm /sec. ratio Number 
10 67.5 1.1 0.016 1 
82.5 11.1 0.135 1 
113.0 31.7 0.281 1 
146.0 58.5 0.4 1 
179.0 91.0 0.508 1 
210.0 120.0 0.571 1 
238.0 133.0 0.559 1 
20 67.5 1.5 0.022 1 
82.5 14.0 0.17 1 
113.0 43.2 0.382 1 
1146.0 83.2 0.57 1 
179.0 129.0 0.721 1 
210.0 168.0 0.8 1 
235.0 189.0 0.804 1 
266.0 259.0 0.974 2 
30 60.0 8.0 0.133 1 
67.5 11.0 o. 163 1 
82.5 25.0 0.303 1 
113.0 55.0 0.487 1 
146.0 103.0 0.705 1 
179.0 160.0 0.894 1 
210.0 213.0" 1.014 1 
238.0 249.0 1.046 1 
266.0 280.0 1.053 2 
40 83.0 50.0 0.602 1 
113.0 80.0 0.708 1 
146.0 125.0 0.856 1 
179.0 184.0 1.028 1 
210.0 245.0 1.167 1 
235.0 2711.0 1.166 1 
266.0 336.0 1.263 2 
60 199.0 275.0 1.382 1 
273.0 343.0 1.256 1 
80 185.0 294.0 1.589 1 
257.0 454. o 1.767 1 
TADLE 10 
Air entrainment by a water jet 
Nozzle is a cylindrical drawn steel tube. 
Jet diameter = 0.466 cm. 
0 
Jot Length Jet 51ow"rate Air entrainment Entrainment Pump 
cm, em sec. rate cm 
/sec. ratio Number 
10 39 14 0.359 1 
43 18' 0.419 1 
51 29 0.569 1 
60 - 43 0.717 1 69 59 0.855 1 
77 75 0.974 1 
86 88 1.023 1 
95 105 1.105 1 
105 118 1.124 1 
20 51 44 0.863 1 
30 
60 59 0.983 1 
69 79 1.145 1 
77 100 1.299 1 
86 121 1.407 1 
95 140 1.474 1 
105 157 1.495 1 
69 115 1.667 1 
77 141 1.831 1 
86 163 1.895 1 
95 185 1.947 1 
105 198 1.886 1 
40 77 149 1.935 1 
86 191 2.22 1 
95 213 2.24 1 
105 240 2.29 1 
TABLE 11 
Air entrainment rate by a water jet 
100 convergent nozzle of machined brass 
Nozzle diameter = 0.894 cm. 
Us int: Pump 2 
Jot length Jet flowrate air ejtrainment 
cm, cm /sec cm /sec 
60.5 
43.0 
25.0 
12.0 
813.9 643.6 
590.0 
341.2 
166.5 
61.0 613.8 464.2 
47.0 386 1 
32.0 287.0 
21.0 157.3 
10.0 92.5 
61,0 
46.0 
33.0 
19.0 
8.5 
511.8 335.2 
200.8 
151.4 
49.2 
42.9 
63.0 
1{8.0 
34.5 
21.0 
8.5 
5? "S 
471.1 %45.5 
134.8 
74.5 
31.8 
16.1 
440,0 166.5 
402.0 88-5 
37.2 56,4 
34.8 47.2 
32.4 33.6 
29.3 25.8 
26.1 16,0 
TABLE 12 
Air entrainment rate by a water jet 
100 convergent nozzle of machined brass with straight 
section of 5 Diameter. 
Nozzle diameter = 0.894 cm 
Using Pump 2 
Jet length Jet 5lowrate Air en5rainment 
cm, , 
cm sec cm sec 
8.5 413.1 
440.0 
490.0 
662.0 
35.8 
57.7 
97 .6 
183.8 
17.5 
30.5 
46.5 
253.0 
306.0 
348.0 
402.0 
450.0 
490.0 
, 
662.0 
8.9 
14 .9 
18.8 
43.5 
87.1 
131.7 
2 52 .8 
255.0 10.1 
296.0 16.6 
354.0 34.5 
405.0 70.8 
443.0 153.0 
490.0 223.5 
662.0 439.7 
242,0 16,6 
294.0 29.1 
344,0 62.9 
392.0 134.8 
440,0 242.0 
485,0 316.4 
662.0 553.1 
Cont'd... 
TABLE 12 Continued 
0 
Jet length Jet 5lowrate Air entrainment 
cm. cm /sec cm /sec 
60.0 248.0 20.9 
286.0 48. o 
347.0 128.7 
392.0 277.6 
442.0 348.7 
485.0 424.8 
662.0 664.4 
TABLE 13 
Air entrainment rate by a water jet 
100 convergent nozzle of machined brass with a straight 
section of 10'Diameters. 
Nozzle diameter = 0.894 cm 
Using Pump 2 
Jot length Jet Slowrate Air en5rainment 
cm, Cm sec cm sec 
10 
tý 
20.2 
37.0 
280 148.2 
315 157.3 
357 198.0 
408 265.5 
444 285.1 
48,5 356.9 
814 745.2 
297 259.8 
329 267.0 
428 308.9 
440 421.0 
274 299.1 
350 386.8 
482 643.6 
TABLE 14 
Air entrainment rate by a water jet 
Cylindrical Class nozzle 
Jet diameter = 0.638 cm. 
Using Pump 2 
Jot length Jet rlowrate Air entraiument Entrainment ratio 
cm. cm3%aec rate cm3/sec ratio 
28 0.17 0.213 1.253 
0.1625 0.2105 1.298 
0.145 0.167 1.150 
0.131 0.1412 1.080 
200.097 0.074 0.736 
0.115 0.1031 0.897 
0.130 0.1152 0.887 
0.145 0.138 0.952 
0.1625 0.1712 1.055 
0.1725 0.192 1.114 
12 0.1725 0.155 0.899 
o. 16o 0.1192 0.745 
0.145 0.1242 0,856 
0.132 o. io65 0.807 
0.115 0.0814 0.707 
0.100 o. o646 0.646 
0.075 0.0526 0.700 
TABLE 15 
Air entrainment using air removing device 
Cylindrical drawn steel nozzle. 
Nozzle diameter = 0.89 4 cm. 
'Working fluid is water 
Using Pump 2 
Jet lenCth Jet f3owrate Air entriinment 
cm. cm /sec rate cm /sec 
9.4 
11.0 
27.0 
150.0 37.2 
197.5 85.8 
242.5 118.0 
295.0 157.3 
3145.0 170.6 
385.0 190.0 
248.0 171.6 
295.0 185.0 
343.0 234.0 
385.0 286.0 
186.0 118.0 
21e7.0 185.6 
295.0 272.0 
31+3.0 323.6 
385.0 354.0 
TABLE 16 
Air entrainment rate by a water jet using bubble 
removal device 
Cylindrical drawn steel nozzle 
Jot diameter = 0.89+ cm. 
Using Pump 2. 
Jet length Jet fý-owrate Air entrainment 
cm. cm /sec rate cm /sec 
10 82 
114 
145 
179 
211 
251 
292 
330 
375 
410 
h40 
ý 
5.0 
19.5 
39.0 
65. o 
93.0 
115.0 
1h6. o 
195.0 
209.0 
223.0 
270.0 
TADLE 17 
Air entrainment rate by a water jet using air 
removing device at various depths 
Using a cylindrical steel nozzle 
Jot diameter = 0.894 cm. 
Jet length = 21.5 cm. 
Dopth of Jot flowrate Air entrainment 
dovico rate 
cm, cm3/sec cm3/sec 
6 
14 
2 
96.9 144,0 
85.0 105.4 
72.5 98.3 
65. o 63.3 
48.3 33.3 
43.8 28.7 
46.0 33.5 
56.0 46.6 
68.5 73.0 
80.8 101.8 
97.0 138.1 
96.9 130.2 
72.5 83.2 
56.5 47.2 
TABLE 18 
Air entraincent for water jet with 25 ml. 
teepol added to tank. 
Nozzle is a cylindrical drawn steel tube. 
Jet diameter = 0.466 cm. 
2. Using Pump 
Jot Length Jet flovrate Air entrainment 
cm,, em3/sec. rate cn3/sec. 
20 
30 
48.5 23.6 
60.5 42.3 
72.5 66.7 
85.0 92.8 
97.0 108.9 
60.5 75.9 
72.5 95.6 
85.0 128.7 
97.0 182.7 
TA131. f'. 19 
Air entrainment by Glycerol/water jets 
?: ozzlo is cylindrical drawn steel tube Jet. 1. 
Jot diameter=0.89' cm 
Viscosity Jet Jet floarate Air entrainment Entrainment 
cp, length cm3/acc cm 3/sec ratio 
12.0 10 185 89.0 0.481 
236 206.7 0.876 
9.6 9 310 181.5 0.585 
280 205.2 0.733 
247 158.2 0.640 
9,2 9 200 126.8 0.634 
175 96.9 0.554 
158 54.2 0.343 
137 10.1 0.074 
9.2 19 295 283.2 0.960 
265 217.8 0.822 
225 212.9 0.946 
197.5 183.8 0.931 
162.5 144.4 0.889 
140 85.8 0.613 
120 4o. 1 0.334 
9.2 28 290 274.0 0.945 
255 260.8 1.023 
215 236.0 1.098 
127 94.4 0.689 
3.9 30 3110 333.0 0.979 
302 269. o 0.891 
248 229.5 0.901 
207 186.3 0.900 
167 143.8 0.861 
135 104.0 0.770 
Cont'd .. 
T. 1 ULE 19 Continued 
V1Bcosity Jet jet lowrate Air ezjtrainment Entrainment 
cp, length cm /sec cri /sec ratio 
3.9 20 346 
286 
231 
195 
152 
246.0 
23?. 0 
202.5 
141.5 
93.3 
0.711 
0.829 
0.877 
0.726 
o. 614 
3.9 9 
5,8 32 
5.8 21 
z,: 9 
ý... ýý 
344 195.0 0.567 
284 151.5 0.533 
233 234.8 0.536 
194 91.2 0.470 
150 58.2 0.388 
125 40.4 0.323 
334 286.0 0.856 
308 274.0 0.890 
272 248.0 0.912 
238 232.0 0.975 
206 177.0 0.859 
185 170.0 0.919 
337 276.0 0.819 
306 289.0 0.944 
268 210.0 0.784 
237 202.0 0.852 
215 177.0 0.823 
196 145.5 0.742 
174 123.0 0.707 
158120e .50.73 
362.5 
531 
268 
236 
213 
1.8 6 
158 
192.6 
159.3 
119.4 
714.0 
99.3 
77.5 
48.8 
0.531 
o, 514 
o. 446 
0,314 
0.466 
0.41 j 
0.309 
-1 
Cont+d... 
TA DLE 19 Continued 
Viscosity Jet Jet flowrate Air entrainment Entrainment 
cp. length C=5/sec cm3/sec ratio 
2.2 17 362.5 
316 
256 
225 
188 
154 
138 
242.0 
226.5 
190.0 
157.3 
123.9 
76.9 
54.9 
0.668 
0.717 
0.742 
0.699 
0.659 
0.499 
0.398 
2.2 32 360 290.4 0.360 
. 293 272.3 0.298 236 224.7 0.236 
200 169.5 0.200 
168 234.9 0.168 
126 62.5 0.126 
. ý 
TABLE 20 
Air antrnis racnt by glycerol/water jets 
;: ozzle is a cylindrical (; lass tube. Jet No. 2 
Jot diacaeter a p. 792 cm. 
Viscosity Jet Jot flowrate Air entrsinment Entrainment 
cp, longth cm 
3/9 cc rate cm /sec ratio 
2.3 31 150 217.8 1.45 
138 198.0 1.43 
120 149.0 1.24 
102.3 147.0 1.43 
75 102.8 1.37 
55 61.2 1.11 
2.3 20 150 171.6 1.14 
136 160. o 1.22 
113 157.3 1.39 
95 113.2 1.19 
70 70.36 1.01 
55 45.4 0.83 
2.3 10 148 127.5 0.86 
138 116.5 0.84 
113 94. i+ 0.82 
93 73.7 0.79 
76 59.4 0.78 
53 33.4 0.63 
4.0 30 140 218.0 1.56 
133 205.0 1.54 
120 186.5 1.55 
103 159.6 1.55 
91 143.0 "1.57 
72 109.0 1.51 
57 85.5 1.50 
ContI d... 
7ADLE 20 Continued 
viscosity Jet Jet Slowrate Air entrainment Entrainment 
cp. l. ngth cm /sec rate cml/sec ratio 
4.0 10 140 128.7 0.91 
125 115.5 0.92 
110 1o6. o 0.91 
94 92.1 0.98 
81 ? 5.4 0.93 
67 59.7 0,89 
50 37.8 0.76 
5.9 10 136 151.6 1.11 
124 135.0 1.09 
111 112.0 1.01 
99 92.2 0.9j 
87 87.0 1.00 
74 73.4 0.99 
62 20.0 0.32 
. 5.9 19 135.5 193.6 1.43 124 160.0 1.29 
110 158.1 1.26 
97 128.7 1.33 
87 113.2 1.30 
62 85.9 1.36 
5.9 30 124 214.5 1.73 
110 160.5 1.46 
94 141.8 1.51 
77 123.3 1.60 
TABLE 21 
Air entrainment by 1; 1ycerol/water jets 
Kozzle is n cylindrical drawn steel tube. 
Jet diameter a 0.466 co. 
9 
Viscosity Jet Jet floxrate air entrainment Entrainment 
cps length cm 
3/s 
ac cm /sec ratio 
7.3 25 83 
83 
168.5 
167.5 
2.03 
2.02 
7.3 16 84 
73 
67 
50.7 
43.5 
33 
14.9 
109.0 
104.8 
70.9 
48.4 
26.7 
1.71 
1.49 
1.56 
1.40 
1.11 
0.70 
7.3 10 84 1og. 6 1,31 
73 88.5 - 1.21 
63 70.7 1.12 
52.5 44,25 0.84 
2.2 2 94 55.2 0.59 
79 45.6 0,58 
66 33.9 0.51 
55 25.1 0.38 
2.2 12 94 97.6 1.04 
81 87.6 1.08 
70 67.4 0.96 
61 42.9 0.70 
148 26.9 0.56 
3. ® 30 91 
79.7 
70 
62.5 
55 
145.2 
131.0 
129.0 
109.0 
83.2 
1.60 
1.64 
1.84 
1.74 
1.51 
ContI d... 
TABLE 21 Continued 
Viscosity Jet Jet flowrate Air entrainment Entrainment 
cp0 length cm3/sec cm /sec ratio 
3.8 20 92 
79 
70 
61.8 
54.8 
i3o, 6 
109.0 
94.3 
76.3 
65.9 
-1.42 
1.38 
1.34 
1.23 
1.20 
3.8 9 93.5 94.3 1.01 
75 71.4 0.95 
62 60,1 0.97 
50.5 41. o 0.81 
5.9 
5.9 
14 86 
75 
67 
59.5 
46 
5.9 30 
109.5 1.27 
87.7 1.17 
73.3 1.09 
60.8 1.02 
57.7 1.11 
21.05 0.46 
86 141.5 1.65 
79 126.0 1.59 
72 119.0 1.65 
614 94.5 1.48 
85 154,5 1.82 
79 161,5 2.04 
72 149.0 2.07 
65 135.0 2.08 
60 120.6 2.01 
TABLE 22 
Jet roughness correlation 
Nozzle is a cylindrical drawn steel tube. 
Jet diameter a 0.466 cc. 
Using Pump 2. 
Jet Length Jet floxrnte Entrainment Jet width 
co, cm'/sec. ratio cm. 
10 8o 0.976 0.64 
105 1.162 0.72 
20 105 1.515 0.66 
30 go 1.85 0.66 
105 1.905 0.73 
TAIIt. E 23 
Jot rouChnoat*. correlation 
Nozzle is n cylindrical drawn steel tube. 
Jot diameter u 0.766 cm. 
Using Pump 2. 
I 
Jot Length Jet 5lowrate lntrainment Jet width 
Cu. cm /acc ratio cm. 
10 
20 
l40 
130 0.339 0.78 
192 0.521 0.87 
273 0.649 0.95 
130 0.485 0.74 
192 0.74 0.89 
225 0.894 0.99 
130 0.891 0.77 
192 1.103 0.89 
273 1"235 i. o6 
TABLE 24 
Jet roughness correlation 
Nozzle is a cylindrical drawn steel tube. 
Jet diameter = 0.894 cm. 
Using Purp 2. 
The jet width is the maximum dimension swept out by 
the jet at the jet plunging point. 
Jet Length Jet 5lowrate Entrainment Jet width 
cme cm /sec. ratio cm. 
10 
20 
30 
40 
114 0.1403 0.86 
147 0.252 0.972 
180 0.334 1.02 
215 0.419 1.07 
302 0.546 1.19 
375 o. 613 1.162 
490 0.747 1.212 
116 0.216 0.744 
180 0.5 1.05 
343 0.787 1.37 
430 0.895 1.28 
490 0.963 1.32 
120 0.356 0.805 
160 0.563 0.94 
250 0.8 1.12 
375 0.973 1.28 
490 1.122 1.4 
115 0.478 0.844 
180 0.833 0.986 
202 0.91 1.084 
287 1.068 1.22 
343 1.195 1.237* 
374 1.182 1.41 
490 1.359 . 1.46 
TABLE 25 
Jet bubble penetration 
Nozzle is a cylindrical drawn steel tube. 
Jet diameter = 0.466 cm. 
Using Pump 2. 
Jet length Jet 5lowrate Entrainment Bubble penetration 
cm. cm /sec. ratio depth cm. 
10 50 0.5 15 
66 0.803 17 
82 0.988 19 
100 1.03 22 
108 1.167 25 
20 50 0.84 15 
66 1.152 17 
82 1.341 19 
97 1.464 21.5 
107 1.523 23 
40 82 2.134 17 
97 2.247 19 
107 2.252 21 
TABLE 26 
Jet bubble penetration 
Nozzle is a cylindrical drawn steel tube. 
Jet diameter = 0.894 cm. 
Using Pump 2. 
The bubble penetration depth is the length of the bubble 
cloud formed by an entraining jet. 
Jet Length Jet 5lowrate Entrainment Bubble penetration 
cme cm /sec. ratio depth cm. 
10 181 0.331 22.5 
246 0.488 27.0 
342 0.599 37.0 
445' -0.697 49. o 
20 181 0.497 21.0 
245 0.653 25.0 
345 0.797 32.0 
445 0.91 44.0 
490 0.959 50.0 
40 177 0.819 21.0 
250 1.024 25.0 
347 1.196 32.0 
445 1.315 38.0 
490 1.361 43.0 
TABLE 27 
Hold-up of entrained air in pool. 
Nozzle is a cylindrical drawn steel tube. 
Using Pump 2. 
N'R = Volume of air measured by rise in tank level. 
VL = Volume of air displacing water locally. 
VT = Total volume of air in pool at any time (VR + VL) 
Jet Length Jet 5lowrate Air ent5ainment 
`R L VT 
cme cm /sec. rate cm /sec. 2 cm cm3 cm3 
Jet din. = 0.894 cm 
'10 304 170 208 20 228 
20 304 225 195 55 250 
30 304 270 188 84 272 
10 264 132 99 15 114 
20 264 180 99 42 141 
30 264 217 89 63 152 
10 227 100 
20 227 140 
30 227 170 
53 11 64 
-53 30 
83 
40 45 85 
10 200 75 19 8 17 
20 200 110 13 21 34 
30 200 136 13 32 45 
Jet dia. = 0.76 cm 
10 -264 20 264 
30 264 
10 
20 
30 
220 
220 
220 
10 
20 
30 
162 99 17 116 
240 95 47 142 
296 92 61 153 
125 52 12 64 
180 52 33 85 
230 43 43 86 
180 90 30 8 
180 125 30 19 
180 16o 23 26 
38 
49 
49 
10 145 57 16 5 21 
20 145 80 13 6 18 
30 145 100 10 11 21 
ContI d. 
TABLE 27 Cont'd 
Jet Length Jet flowrate Air entrainment VR VL vT 
cn. cm3/sec. rate cm3/sec. cm2 cm3 cm3 
Jet dia. = 0.466 cm. 
10 
20 
30 
40 
100 
100 
100 
100 
113 
147 
190 
225. 
23 18 41 
23 21 44 
19 25 44 
13 35 48 
10 90 95 16 15 31 
20 90 127 9 18 27 
30 9o 170 9 21 30 
40 9o 198 6 31 31 
10 80 78 13 12 25 
20 80 105 4 15 19 
30 80 148 4 17 21 
40 80 170 - 25 25 
10 72.5.64 99 18 
20 72.5 90 6 12 18 
30 72.5 134 14 17 
40 72.5 150 
3 
27 27 
